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PREFACE. 



A LARGE number of the Theorems usually presented in text- 
books of Geometry are unimportant -in themselves and in no 
way connected with the subsequent Propositions. By spending 
too much time on things of little importance, the pupil is fre- 
quently unable to advance to those of the highest practical 
value. In this work, although no important Theorem has been 
omitted, not one has been introduced that is not necessary to 
the demonstration of the last Theorem of the five Books, namely, 
that in relation to the volume of a sphere. Thus the whole 
constitutes a single Theorem, without an unnecessary link in 
the chain of reasoning. 

These five Books, including Ratio and Proportion, are pre- 
sented in eighty-one Propositions, covering only seventy pages. 
This brevity has been attained by omitting all unconnected 
propositions, and adopting those definitions and demonstrations 
that lead by the shortest path to the desired end. At the close 
of each Book are Practical Questions, serving partly as a review, 
partly as practical applications of the principles of the Book, 
and partly as suggestions to the teacher. As those who have 
not had experience in discovering methods of demonstration 
have but little real acquaintance with Geometry, there have 
been added to each Book, for those who have the time and the 
ability. Theorems for original demonstration. These Exercises, 
with different methods of proving propositions already demon- 
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IV PREFACE. •' 

strated, include those that are usually inserted, but whose dem- 
onstration in this work has been omitted. In some of these 
Exercises references are given to the necessary propositions ; in 
some suggestions are made; and in a few cases the figure is 
constructed as the proof will require. 

A sixth Book ot Problems of Construction is added, which is 
followed by Problems for the pupil to. solve. This Book, or any 
part of it, if thought best, can be taken immediately after com- 
pleting Book III. 

W. F. B. 

Cambridge, Mass., April, 1872. 



CONTENTS. 



GEOMETRY. 

Paqs 

Introductory Definitions 1 

BOOK I. 

Angles, Lines, Polygons 3 

Exercises ^^ 

Batiq and Proportion • .25 

BOOK II. 

Relations op Polygons 31 

Exercises 45 

BOOK III. 

The Circle ^^ 

Exercises • • ^^ 

BOOK IV. 
Geometry of Space. 

Planes and their Angles 64 

Exercises ^^ 

BOOK V. 

Polyedrons. 

Prisms, Cylinders ^^ 

Pyramids, Cones '^ 

The Sphere 82 

Exercises ®6 

BOOK VI. 

Problems of Construction 89 

^ercises , . ^^^ 



1 



PLANE GEOMETRY. 



INTEODUCTOEY DEFHSTITIONS. 

1« KatbematicB is the science of quantity. 

2« Quantity is that -which can be measured; as distance, 
time, weight. 

3« Geometry is that branch of mathematics which treats of 
the properties of extension. 

4« Extension has one or more of the three dimensions, 
length, breadth, or thickness. 

5« A Point has position, but not magnitude. 

6« A Line has length, without breadth or thickness. 

7 A Straight lane is one whose direction 
is the same throughout ; sia A B, 

A straight line has two directions exactly opposite, of which 
either may be assumed as its direction. 

The word line, used alone in this book, means a straight line. 

8« Corollary, Two points of a line determine its position. 

9« A Curved line is one whose direction 



is constantly changing; as CD, 

10« A Siu&ce has length and breadth, but no thickness. 

1 



2 PLANE GEOMETRY. 

11. A Plane is such a surface that a straight line joining 
any two of its points is wholly in the surface. 

12« A Solid has length, breadth, and thickness. 

13« SckoUum, The boundaries of solids are surfaces; of 
surfaces, lines; the ends of lines are points. 

14« A Theorem is something to be proved. 

If • A Problem is something to be done. 

16« A Proposition is either a theorem or a problem. 

17« A Corollary is an inference from a proposition or state- 
ment. 

18« A Scholium is a remark appended to a proposition. 

■ 

19« An Hypothesis is a supposition 4n the statement of a 
proposition, or in the course of a demonstration. 

20« An Axiom is a self-evident truth. 

AXIOMS. 

1. If equals are added to equals, the sums are equal. 

2. If equals are subtracted from equals, the remainders are 
equal. 

3. If equals are multiplied by equals, the. prod nets are equal. 

4. If equals are divided by equals, the quotients are equal. 

5. Like powers and like roots of equals are equal. 

G. The whole of a magnitude is greater than any of its parts. 

7. The whole of a magnitude is equal to the sum of all its 
parts. 

8. Magnitudes respectively equal to the same magnitude are 
equal to each other. 

9. A straight line is the shortest distance between two points. 
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ANGLES, LINES, POLYGONS. 

ANGLES. 

DEFINITIONS. 

1 • An Angle is the difiPerence in direction of two lines. 

If the lines meet, the point of meeting, B, 
is called the vertex ; and the lines A B, B Cy ^ 
the sides of the angle. 

If there is but one angle, it can be designated by the letter 
at its vertex, as the aiigle B ; but when a number of angles 
have the same vertex, each angle is designated by three letters, 
the middle letter showing the vertex, and the other two with 
the middle letter the sides ; as the angle A B 01 

2« If a straight line meet« or crosses an- j^ 

other BO as to make the angles equal, each 
of these angles is a right angle ; and the two 
lines are perpendicular to each other. Thus, 
AC D and D C B, being equal, are right an- ^ 

gles, and AB and D C are perpendicular to each other. 

3« An Acute Angle is less than a right 
angle; a,s ^CB. 

4« An Obtuse Angle is greater than a right A 
angle ; qj& A C B, 

Acute and obtuse angles are called oblique angles. 
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4 PLANE GEOMETRY. 

5« The CompleiiieiLt of an angle is a right angle minus the 
given angle. Thus (Fig. in Art. 7), the complement of A CD 
\&AGF— ACB = DGF. 

6« The Supplement of an angle is two right angles minus 
the given angle. Thus (Fig. Art. 7), the supplement oi ACB 
is {ACF^FGB) — ACD = DCB. 




THEOREM I. 

7« The sum of all the angles formed at a point on one side of 
a straigM line, in the same plane, is equal to two right angles. 

Let D C and E C meet the straight 
line -4j5 at the point C ; then 
ACD-{'DGE-{'ECB = i^o 
right angles. 

At G erect the perpendicular, G F] 
then it is evident that 

AGD-^-DGE-^^EGBz^iAGD + DGF-^-FGE+EGB 

= ^ Ci^-f i^C'J5=two right angles. 

8« Corollary 1. If only two angles are 
formed, each is the supplement of the other. 
For by the theorem, 
AGD-^-D GB = two right angles ; 
therefore A (72> = two right angles — BCB, 
or BG B-=. two right angles — A GB. 

9. Gorotlary 2. The sum of all the angles formed in a 
plane about a point is equal to four right angles. 

Let the angles ABB, BBE, EBF, 
F BG, GB A, be formed in the same 
plane about the point B. Produce 
AB\ then the sum of the angles 
above the line AG \^ equal to two 
right angles ; and also, the sum of 
the angles below the line AGv& equal 
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to two angles (7) * ; therefore the sum of all the angles at the 
pomt B is equal to four right angles. 

THEOREM II. 

lO* If at a point in a straigM line two other straight lines 
npon opposite sides of it make the sum of the adjaxxTvt angles equal 
to two right angles, these two lines form a straigM line. 

Let the straight line D B meet the 
two lines, AB^ BC, so as to make 
ABD-^-DBC^iivfo right angles : 
then AB and BG form a straight 
line. ^* B 

For a AB and B do not form a straight line, draw BH bo 
that A B and B E shall form a straight line ; then 

ABD + BBE^i tYTO right angles (7) ; 
but by hypothesis, 

ABD'\'I>BC=i^ffo right angles ; 
therefore DBE = DBO 

the part equal to the whole, which is absurd (Aziom 6) ; there- 
fore A B and B C form a straight line. 

THEOREM III. 

11 • If two straight lines cut each oilier, the vertical angles are 
equal. 

Let the two lines, AB, CD, cut each other at Ei then 
AEG = DEB, 
For A ED is the supplement of both -^ --,^,,^ j^ ^^.^^ 
AEC KadBEB{^)y therefore ^^^^^^I><]^ 

'AEC=DEB O B 

In the same way it may be proved that 
AED=iCEB 

* The figures alone refer to an article in the same Book ; in referring to 
an article in another Book the number of the Book is prefixed. 
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THEOREM IV. 

12, Ttoo angles whose sides have the same or opposite directions 
are equal, 

Ist. Let BA and BC^ including the 
angle B^ have respectively the same direc- 
tion as ED and EF^ including the angle E ; 
then angle B = angle E, 

For since B A has the same direction as 
EB, and BC the same as EF, the differ- 
ence of direction of B A and B C must be 
the same as the difference of direction of ED and EF; that is, 
angle B = angle E, 

2d. Let BA and B C, including the 
angle B, have respectively opposite di- 
rections to ED and E F, including the 
angle E ; then angle B = angle E. 

Produce D E and FE bo a;& to form 
the angle GEIl; then (11) 

GEII=DEF 
and GEU=ABG by the first part of this 

proposition j therefore angle B = angle E, 
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13t Definition. Parallel Idxies are such as -4 — 

have the same direction : as ^ ^ and CD, ^ 

(J ^ 

14t Corollary, Parallel lines can never meet. For, since 
parallel lines have the same direction, if they coincided at one 
point, they would coincide throughout and form one and the 
same straight line. 

Conversely, straight lines in the same plane that never meet, 
however fiir produced, are parallel. For if they never meet 
they cannot be approaching in either direction, that is, they 
must have the same direction. 
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15t Axiom, Two lines parallel to a third are parallel to 
each other. 

16t Definition. When parallel lines are cut by a third, the 
angles without the parallels are called 
external; those within, internal; thus, 
A GE, EGB, CHF, FIID are ex- 
ternal angles; A G H, BGH, GHC, 
G H D are internal angles. Two in- 
ternal angles on the same side of the 
secant, or cutting line, are called internal angles on the same 
side ; as A G 11 and GHC, or BGH and G HD. Two internal 
angles on opposite sides of the secant, and not adjacent, are 
called alternate internal angles ; as A G II And GHD, or BGH 
2LndGEC. 

Two angles, one external, one internal, on the same side of 
the secant, and not adjacent, are called opposite external and in- 
ternal angles ; as EGA and GHC, or EGB and GHD. 




THEOREM V. 

I7i If d straight line cut two parallel lines, 
1st. The opposite external and internal angles are equal. 
2d. The alternate internal angles are equal. 
3d. Tlie internal angles on the same side are supplements of 
each other. 

Let EJP cut the two parallels A B 
and CD ; then 

1st. The opposite external and 
internal angles, EGA and GHC, 
or EGB and GHDy are equal, 
since their sides have the same di- 
rection (12). 

2d. The alternate internal angles, AGH and GHD, or 
BGH and GHC, are equal, since their sides have opposite 
directions (12). 
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3d. The internal angles on the same side, A GH and GHC, 
or BGH and G H D, are supplements of each other ; for AG H 
is the supplement of AG JS (8), which has just been proved 
equal to GUC In the same way it may be proved that BGH 
and GH D are supplements of each other. 

THEOREM VI. 

CONVERSE OF THEOREM V. 

18t If d straight line cut two oilier straight lines in the same 
*planej these two Ivies are parallel, 

1st. If the opposite external and internal angles are eqnal, 

2d. If the alternate internal angles are equal, 

3d. If the internal angles on the same side are supplements of 
each other. 

Let E F cut the two lines A B and 
CD so a&tomsikeEGB = Gnj), j^\a 
or A GH = GIID, or B Gil and ^-7"" ^ 

GIID supplements of each other; -, \i^ n 

then AB \^ parallel to CD. ' ' ^v. 

For, if through the point G a line 
is drawn parallel to CD, it will make the opposite external and 
internal angles equal, and the alternate internal angles equal, 
and the internal angles on the same side equal (17) ; therefore 
it must coincide with A B ; that is, .4 ^ is parallel to CD, 
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DEFINITIONS. 



19t A Plane Fignre is a portion of a plane bounded by lines 
either straight or curved. 

When the bounding lines are straight, the figure is a polygon, 
and the sum of the bounding lines is the perimeter. 
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20t An Equilateral Polygon is one whose sides are equal 
each to each. 

21 1 An Equiaagnilar Polygon is one whose angles are equal 
each to each. 

. 22t Polygons whose sides are respectively equal are mviually 
equilateral. 

23 1 Polygons whose angles are respectively equal are mutu- 
ally equiangular. 

Two equal sides, or two equal angles, one in each polygon, 
similarly situated, are called homologous sides, or angles. 

24 1 Equal Polygons are those which, being applied to each 
other, exactly coincide. 

25t Of Polygons, the simplest has three sides, and is called 
a triangle ; one of four sides is called a quadrilateral ; one of 
five, a peTvtagon ; one of six, a hexagon ; one of eight, an octagon ; 
one of ten, a decagon. 



TRIANGLES. 

!Mt A Scalene Triangle is one which has 
no two of its sides equal ; as ^ ^ C. ^ 




E 



27t An Isosceles Triangle is one which has two 
of its sides equal ; dA B E F. 



28t An Equilateral Triangle is one whose 
ddes are all equal ; diA I G H» 

P ^H 

1* 
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29t A Bight Triangle is one which has a 
right angle ; aa JKL. 

The side opposite the right angle is called 
the hypotkenuae. 



30* An ObtuflMUigied Triangle is one 

which has an obtuse angle; 2^ MNO, j^. 



K 





31 • An Acute-Angled Triangle is one whose angles are all 
acute; as D E F, 

Acute- and obtuse-angled triangles are called ohlique-angled 
triangles, 

32* The side upon which any polygon is supposed to stand 
is generally called its hose; but in an isosceles triangle, as 
DEF, in which D E — E F, the third side D F 'i& always 
considered the base. 



THEOREM VII. 

33 1 The sum of the angles of a triangle is equal to tipo right 
angles. 




D 







E 



Let ABChedi, triangle ; the sum 
of its three angles, A, B, C, is equal 
to two right angles. 

Produce A C, and draw CD par- 
allel to AB; then DCE — J, -be- Ji 
ing external internal angles (17); 
BCD =. B, being alternate internal angles (17) ; hence 

DCE-\-BCD-^BCA=A-{'B-\'BCA 
but DCE-\- BC D\-BGA — tyffO right angles (7) ; 
therefore A -\- B -\- BCA = two right angles. 

34 1 C(yr, 1. If two angles of a triangle are known, the third 
can be found by subtracting their sum from two right angles. 
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35 • Cor, 2. If two triangles have two angles respectively 
equal, the remaining angles are equal. 

36t Cor, 3. In a triangle there can be but one right angle, 
or one obtuse angle. 

37t Cor, 4. In a right triangle the sum of the two acute 
angles is equal to a right angle. 

38t Cor, 5. Each angle of an equiangular triangle is equal 
to one third of two right angles, or two thirds of one right 
angle. 

39t Cor, 6. If any side of a triangle is produced, the exte- 
rior angle is equal to the sum of the two interior and opposite. 



THEOREM VIII. 

lOt If two triangles have two sides aiid the inclvded angle of 
the one respectively equal to two sides and the included angle of the 
other, the two triafigles are eqiuxl in all respects. 

In the triangles ABC, b E 

DEF, let the side AB 
equal DE, A C equal DF, 
and the angle A equal the 
angle D ; then the triangle 
ABC m equal in all re- 
spects to the triangle D E F, 

Place the side AB on its equal D E, with the point A on the 
point 2),. the point B will be on the point E, slq AB is equal to 
J) E ; then, as the angle A is equal to the angle D, AC wnll 
take the direction D F, and as -4 C is equal to 2> F, the point 
C will be on the point F; and BC will coincide with EF, 
Therefore the two triangles coincide, and are equal in all re- 
spects. 
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THEOREM IX. 




41* If two triangles have two angles and the included Bide of 
the OTie respectively equal to two angles and the included side 
of the other, tlie tvx) triangles are equal in all respects. 

In the triangles ABC B E 

and DEF, let the angle 
A equal the angle Dy the 
angle C equal the angle 
F^ and the side A C equal 
DFj then the triangle 
AB C m equal in all respects to the triangle DBF, 

Place the side- -4 C on its equal D F, with the point A on the 
point Dy the point C will be on the point F, ^& AC is equal to 
D F j then, as the angle A is equal to the angle D, AB will 
take the direction DB; tind as the angle C is equal to the 
angle F, CB will take the direction FB ; and the point B fall- 
ing at once in each of the lines JD B and FB must be at their 
point of intersection B. Therefore the two triangles coincide, 
and are equal in all respects. 



THEOREM X. 

12t In an isosceles triangle tJie angles opposite the equal sides 
are equal. 

In the isosceles triangle ABC lot -5 

A B and BC he the equal sides ; then 
the angle A is equal to the angle C. 

Bisect the angle ABC hj the line 
B D ; then the triangles ABB and 
BC D KTQ equal, since they have the two sides AB^ B D, and 
the included angle ABB equal respectively to BC, B Z>, and 
the included angle D BC (40) ; therefore the angle A-=zC 

ISt Cot. 1. From the equality of the triangles ABB and 
BCD, AB = BC, and the angle ADB = BBC) that is, the 
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line that bisects the angle opposite the base of an isosceles tri- 
angle bisects the base at right angles ; also, the perpendicular 
bisecting the base of an isosceles triangle bisects the triangle. 
And, conversely, the perpendicular bisecting the base of an isos- 
celes triangle bisects the angle opposite, and also the triangle. 

44* G<yr. 2. An equilateral triangle is equiangular. 

THEOREM XI. 

45 • If two angles of a triangle are equal, the sides opposite are 
also equal. 

In the triangle ABC, let the angle A 
equal the angle C ; then AB is equal to B C. 

For if ^jB is not equal to BC, suppose 
A B to he greater than B C, and from A B 
cut off AD equal to BC and join D C. The 
triangles ADC and ABC have the two sides 
AD, AC, and the included angle A, respectively equal to the 
two sides BC, AC, and the included angle BC A', therefore 
the triangle ADCi& equal to the triangle ABC (40), the part 
equal to the whole, which is absurd. 

In the same way it can be shown that ABia not less than 
B C ; therefore AB is equal to BC. 

46* Cor. An equiangular triangle is equilateral. 

. THEOREM XII. 

47t The greater side of a triangle is opposite the greater angle ; 
and, conversely, the greater angle is opposite the greater side. 

In the triangle -4-5(7 let jff be greater 
than ; then the side A C is greater 
than AB. ^ 

At the point B make the angle CBD 
equal to the angle C ; then (45) 
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Kn^AO = AD'\-DC = AD'\-DB 
But (Axiom 9) ^ 

AD + DB^AB 
therefore AC^ AB 

Conversely, Let AC ^ AB-, then the angle ABC^ C. 

For if the angle ABC is not greater than the angle C, it 
must be either equal to it or less. It cannot be equal, because 
then the side A B = AC (45), which is contrary to the hypoth- 
esis. It cannot be less, because then, by the former pai't of 
this theorem, A B <^ A C, which is contrary to the hypothesis. 
Hence, the angle ABC ^ C. 



THEOREM XIII. 




18t Two triangles mutually equilateral are equal in all respects. 

Let the triangle ABC 
have A By BC, C A respec- 
tively equal to AD, DC^C A 
of the triangle ABC \ then 
ABC is equal in alj respects 
to ADC. 

Place the triangle ADC 
so that the base A C will co- 
incide with its equal A (7, but so that the vertex D will be 
on the side of A C, opposite to B, Join B D, Since by hy- 
pothesis AB =. AD, AB D is an isojroeles triangle ; and the 
angle ABD — ADB (42); also, sinee BC=CD, BCD is 
an isosceles triangle ; and the angle DBC-=.CDB) there- 
fore the whole angle ABC = ADC] therefore the triangles 
ABC and ADC, having two sides and the included angle of 
the one equal to two sides and the included angle of the other, 
are equal (40). 



/ 
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49t Scholium, In equal triangles the equal angles are oppo- 
site the equal sides. 



THEOREM XIV.. 

50t Two right triangles having the hypothentise and a side 
of the one respectively equal to the hypothemise and a Me of the 
other are equal in all respects. 

Let ABC have the hypothenuse A B- 
and the side B C equal to the hypothe- 
nuse B D and the side BC o^ BCD', 
then are the two triangles equal in all 
respects. 

Place the triangle BCD m that the side -ff (7 will coincide 
with its equal BC^ then CD will be in the same straight line 
with A C (10). An isosceles triangle ABD is thus formed, and 
B C being perpendicular to the base divides the triangle into 
the two equal triangles ABC and BCD (43). 




THEOREM XV. 

51 • If from a point loitlwut a straight l^ne a perpendicular 
and oblique lines he drawn to this line, 

1st. The perpendicular is shorter than any oblique line. 

2d. Any tu>o oblique lines equally distant from the perpendicu- 
lar are equal, 

3d. Of two oblique lines the more remote is the greater. 

Let A be the given point, BC the 
given line, A D the perpendicular, and 
AB, AB, A C oblique lines. 

1st. In the triangle AD E^ the ^x\r 
gl& A D B being a right angle is greater than the angle AE D; 
therefore ^ 2) < ^ ^ (47). 
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2d. If I)E=DC; then the two 
triangles ADE and ADC, having two 
sides AD,DE, and the included angle ^ 
ADE respectively equal to the two ^ 

sides AD, DC, and the included angle -4 D C, are equal (40), 
and A E i& equal to AG, 

3d. If DB ^ DE; then, since A ED is an acute angle, 
AEB is obtuse, and must therefore be greater than AEE (36) ; 
hence ^^>^^ (47). 

52t Corollary. Two equal oblique lines are equally distant 
from the perpendicular. 



THEOREM XVI. 

53 1 If at the middle of a straight litie d perpendicular is 
drawn, 

1st. Any point in the perpendicular is eqtially distant from the 
extremities of the line, 

2d. Any point without the perpendicular is unequally distant , 
from the sam^ extremities. 

Let CD he the perpendicular at the middle E 

of the line A B ; then I>/\ 

1st. Let D be any point in the perpendicu- / 

lar; draw 2)^ and D B, Since CA = C B, ^ / 
DA— DB (51), ^ 



v 



^\ 



^s 



/ 

/ 



2d. Let E be any point without the perpen- \ 

dicular ; draw EA and EB, and from the point - ^' 
D, where E A cuts D C, draw D B, The an- 
gle ABE^ABD=:BAD'y hence, in the triangle AEB^ 
since the angle ABE > BAD, EA^ EB (47). 
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QUADRILATERALS. 



DEFINITIONS. 



54* A Trapezitun is a quadilateral which 
has no two of its sides parallel ;&& ABCB. 




55 1 A Trapezoid is a quadrilateral ^ 

which has only two of its sides parallel; 



F 



\ 



G 



56t A ParaUelogram is a quadrilateral whose opposite sides 
are parallel; as IJKL, or MNOP, or QRST, or UV WX, 

J 
57* A Bectangle is a right-angled parallel- 
ogram ; as IJ KL, 



K 



58* A Square is an equilateral rectangle; 
2^MN0P. 




K 



8 



59* A Bhomboid is an oblique-angled par- 
allelogram ; Q& QRS T, 



Q T 

U V 



60* A BhombuB is an equilateral rhomboid ; 
^TJVWX. 



X W 

61. A Dia£;onaI is a line joining the vertices of two angles 
not adjacent ; 9;a JOB. 
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THEOREM XVII. 

62t The opposite sides and angles of a parallelogram are equal 
to each other. 

Let ABC Dhe a parallelogram ; then -^ G 

will AB = DC,BC = AD, the angle 
J = C, and ^ = D. 

Draw the diagonal B D, As BC and A j) 

AD are parallel, the alternate angles CBD and BDA are 
equal (17); and q& AB and 2>(7 are parallel, the alternate 
angles ABB and B D C are equal ; therefore the two triangles 
ABB and B D C, having the two angles equal, and the in- 
cluded side B D common, are equal (41) ; and the sides opposite 
the equal angles are equal, viz. : AB =. DC and BC -= A D; 
also the angle J = (7, and the angle 

ABC—ABD'\-DBC = BDC-^BDA=ADC 

63« Cor, 1. The diagonal divides a parallelogram into two 
equal triangles. 

61t Cor. 2. Parallels included between parallels are equaL 

THEOREM XVIII. 

65 1 If ttoo sides of a quadrilateral are equal and parallel, the 
figure is a parallelogram. 

Let AB CD he Ei, quadrilateral having B_ C 

B C equal and parallel to A D ; then 



AB CD is a parallelogram. ^ ^ " 




Draw the diagonal BD. As BC is A D 

}>arallel to AD^ the alternate angles CBD and BDA are equal 
(17); therefore the two triangles CBD and BDA, having 
the two sides CB^'BD^ and the included angle CBD respec- 
tively equal to the two sides A D, D B^ and the included angle 
AD B, are equal (40), and D C is equal to A B, and the alter- 
nate angles A BD and B DC are equal ; therefore A B 'v& par- 
allel to DC (18), and AB CD is o. parallelogram. 
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THEOREM XIX. 

66* The line joining the middle points of the two sides of a 
trapezoid which are not parallel is parallel to the two parallel 
sides, and equal to half their sum. 

Let ^^join the middle points of the sides AB and CD, 
which are not parallel, of the trapezoid ABC B ; then 

1st. jFi^is parallel to ^C and. ^Z>. j^^ ^ 

Through F draw G IT parallel to ^ ^, 
meeting A J) produced in If. The an- 
gles GFC and BFH are equal (11) ; 
also the angles GC F md FB ff (17) ; " 1) "ll 

and the side C F is equal to FD ; therefore the triangles GFC 
and J) F Hare equal (41), and 

GF=Fff=i^GII 

But as -4 ^ (rj£r is a parallelogram, G H •=. B A (62) ; therefore 

FH=\BA — AE 

therefore AEF H is a parallelogram (65), and EF\& parallel 
to A Dy and therefore also to B C, 

4 

2d. EFz=i\{AL-\-BC) 

For ^ AEF E and EBGF are parallelograms 

EF=AH—AD^LH 
and also EF=BG =BC —GC 

Now, as the two . triangles GFC and D F H are equal, 
GC = D H 'y therefore, if we add the two equations, we 
shall have 

2EF=AD-J^BC 

or EF=}^{AD-^BC) 
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THEOREM XX. 

67« The sum of the iiUerior angles of a polygon is equal to 
ttoice as many right a)igles as it lias sides minus two. 

Let ABC D EF be the given polygon ; 
the sum of all the interior angles A, B, C, 
D, E^ F^ is equal to twice as many right 
angles as the figure has sides minus two. 

For if from any vertex A, diagonals A C, 
AD, AE, are drawn, the polygon will be 
divided into as many triangles as it has sides minus two ; and 
the sum of the angles of each triangle is equal to two right 
angles (33) ; therefore the sum of the angles of all the triangles, 
that is, the sum of the interior angles of the polygon, is equal to 
twice as many right angles as the polygon has sides minus two. 




PRACTICAL QUESTIONS. 

1. Do two lines that do not meet form an angle with each other ? Two 
lines not in the same plane ? 

2. Does the magnitude of an angle depend apon the length of its sides ? 

3. If a right angle is 90', what is the complement of an angle of 2T ? 
of 51" ? of 91" ? of 153° ? What is the supplement of an angle of 13" « 
of 83" ? of 97" ? of 217" ? 

4. If three of four angles formed at a point on the same side of a straight 
line, in the same plane, contain respectively 15", 27", and 99", how many 
degrees does the fourth angle contain ? 

6. If five of six angles formed in a plane about a point are respectively 
11", 53", 74", 19", and 117", how many degrees are there in the sixth angle ? 

6. On opposite sides of a line ^ ^ are two lines making with A B, at 
the point A^ the first an angle of 29", and the second an angle of 61" ; how 
are these two lines related ? 
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7. Can two polygons, each not equilateral, be miUually equilateral ? { 

8. Can two polygons, each not equiangular, be mutually equiangular ? 

9. If two angles of a triangle are respectively 32° and 43°, how many 
degrees are there in the remaining angle ? 

10. If one acute angle of a right triangle is 24°, how many degrees pre 
there in the other acute angle ? 

11. How many degrees in each angle of an equiangular triangle ? 

12. How many degrees in each angle at the base of an isosceles triangle 
whose vertical angle is 14° ? 

13. How many degrees in each aciite angle of a right-angled isosceles 
triangle ? 

14. If one of the angles at the base of an isosceles triangle is double 
the angle at the vertex, how many degrees in each ? 

15. If the angle at the* vertex of an isosceles triangle is double one of 
the angles at base, how many .degrees in each ? 

16. Two triangles mutually equilateral are equiangular (48). Are two 
triangles mittually equiangular also equilateral ? 

17., Is a square a parallelogram ? Is a parallelogram a square ? 

18. Is a rectangle a parallelogram ? Is a parallelogram a rectangle ? 

19. How many sides equal to one another can there be in a trapezoid ? 
How many in a trapezium ? 

20. How many degrees in each angle of an equiangular pentagon ? an 
equiangular hexagon ? octagon ? decagon ? dodecagon ? 

21. If the parallel sides of a trapezoid are respectively 8 feet and 13 feet 
in length, how long is the line joining the middle points of the other two 
sides ? 

22. If one of the angles of a parallelogram is 120°, how many degrees 
are there in each of the other angles ? 
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EXEBCISES. 

The following Theorems, depending for their demonstration upon 
those already demonstrated, are introduced as exercises for the pupiL 
In some of them references are made to the propositions upon which 
the demonstration depends. They are not connected with the prop- 
ositions in the following books, and can be omitted if thought best. 

68« Two angles whose sides have, one pair the same, the other 
opposite directions, are supplements of each other. (12.) (8.) 

69« Any side of a triangle is less than the sum, but greater than 
the difference, of the other two. {Axiom 9.) 

70» The sum of the lines drawn from a point within a triangle to 
the extremities of one of the sides is less than the sum of the other 
two sides. 

Produce one of the lines to the side of the triangle. (Axiom 9.) 

71 • The angle included by the lines .drawn from a point within a 
triangle to the extremities of one of the sides is greater than the 
angle included by the other two sides. 

Produce as in (70). (39.) 

lit The angle at the base of an isosceles triangle being one fourth 
of tlie angle at the vertex, if a perpendicular is drawn to the base at 
its extreme point meeting the opposite side produced, the triangle 
formed by the perpendicular, the side produced, and the remaining 
side of the triangle is equilateral. 

73» If an isosceles and an equilateral triangle have the same base, 
and if the vertex of the inner triangle is equally distant from the ver- 
tex of the outer and the extremities of the base, then the angle at 
the base of the isosceles triangle is J or ^ of its vertical angle, accord- 
ing as it is the inner or the outer triangle. 

74 • Prove Theorem VII. by first drawing a line through i? par- 
allel to A C. 

75 • Prove Theorem VII. by drawing a triangle upon the floor, 
walking over its perimeterj and turning at each vertex tlirough an 
angle equal to the angle at that vertex. 



^ 
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76# Only one perpendicular can be drawn from a point to a straight 
line. 

(Two cases. 1st. When the point is without the line, 2d. When 
the point is within the line.) 

77« Two straight lines perpendicular to a third are parallel. (13.) 

78i If a line joining two parallels is bisected, any other line drawn 
through the point of bisection and joining the parallels is bisected. 

79» If two triangles have two sides of one B 
respectively equal to two sides of the other, but 
the included angles unequal, the third side of the 
one having the included angle greater is greater 
than the third side of the other. 

(Place the triangles as in the figure; draw BE -4' 
bisecting the angle C BD, and join C and E.) 

80» (Converse of 79.) If two triangles have two sides of one 
respectively equal to two sides of the other, but the third sides un- 
equal, the included angle of the one having the third side greater is 
greater than the included angle of the other. 

(Prove it by proving any other supposition absurd.) 

81* Prove in Theorem Xltl. the angles of the two triangles 
equal by reference to (79) ; then that the triangles are equal by (40) 
or (41). , 

82# (Converse of part of 62.) If the opposite sides of a quad- 
rilateral are equal,' the figure is a parallelogram. 

83» (Converse of part of 62.) If the opposite angles of a quadri- 
lateral are equal, tlie figure is a parallelogram. 

84» (Converse of 63.) If a diagonal divides a quadrilateral into 
two equal triangles, is the figure necessarily a parallelogram ? 

85* The diagonals of a parallelogram bisect each other. 

86i (Converse of 85.) If the diagonals of a quadrilateral bisect 
each other, the figure is a parallelogram. 

87« The diagonals of a rhombus bisect each other at right angles. 
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88» (Converse of 87.) If the diagonals of a quadrilateral bisect 
each other at right angles, the figure is a rhombus. 

89t The diagonals of a rectangle are equaL 

09i The diagonals of a rhombus bisect the angles of the rhombus. 

91 • Straight lines bisecting the adjacent angles of a parallelogram 
are perpendicular to each other. 

92« From the vertices of a parallelogram measure equal distances 
upon the sides in order. The lines joining these points on the sides 
form a parallelogram. 

93* Prove Theorem XX. by joining any point within to the ver- 
tices of the polygon. 

94. If the sides of a polygon, as 
ABCDEF, are produced, the sum of 
the angles a, 6, c, d, e, /, is equal to four 
right angles. 

95 • If a pavement is to be laid with blocks of the same regular 
form, prove that their upper faces must be equilateral triangles, 
squares, or hexagons. (67.) (9.) - 

96« If two kinds of regular figures, with sides of the same lengtli, 
are to be used at each angular point, show that the pavement can be 
laid only with blocks whose upper faces are, 
. 1st. Triangles and squares. 

2d. Triangles and hexagons. 
3d. Triangles and dodecagons. 
4th. Squares and octagons. 
How many of each must there be at each angular point ? 

97 • If three kinds of regular figures, with sides of the same 
length, are to be used at each angular point, show that the pavement 
can be laid only with blocks whose upper faces are, 
1st. Triangles, squares, and hexagons. 
2d. Squares, hexagons, and dodecagons. 
How many of each must there be at each angular point ? 




EATIO AND PEOPORTIOK 

DEFINITIONS. 

(It is necessary to understand the elementaiy principles of ratio and pro- 
portion before entering upon the Books that are to follow. It is therefore 
introduced here, but not numbered as one of the Books of Geometry, as it 
belongs properly to Algebra. Eeference to the propositions in ratio and 
proportion will be made by the abbreviation Pn., with the number of the 
article annexed.) 

1« Batio is the relation of one quantity to another of the 
same kind ; or it is the quotient which arises from dividing one 
quantity by another of the same kind. 

Ratio is indicated by writing the two quantities after one an- 
other with two dots between, or by expressing the division in 
the form of a fraction. Thus, the ratio of a to 6 is written, 

a :b, or t; read, a is to 6, or a divided by 6. 

3. The Terms of a ratio are the quantities compared, whether 
simple or compound. 

The first term of a ratio is called the antecedent^ the other 
the consequent ; the two terms together are called a couplet, 

3« An Inverse or Seciprocal Eatio of any two quantities is 
the ratio of their reciprocals. Thus, the direct ratio of a to 6 

is a : h, that is, -r : the inverse ratio of a to 6 is - : r, that is, 

a 

I 1 h ^ 
— *- 7 = -, or 6 : a, 
aba 

4« Froportion is an equality of ratios. Four quantities are 

in proportion when the ratio of the first to the second is equal 

to the ratio of the third to the fourth. 

2 
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The equality of two ratios is indicated by the sign of equality 
(=), or by four dots (: :). 

Thus, a : b := c : dy or a : 6 : : c : cf, or - = - ; read a to b 

equals c to c?, or a is to 6 as c is to d, or a divided by b equals c 
divided by d, 

5« In a proportion the antecedents and consequents of the 
two ratios are respectively the antecedents and consequents of the 
proportion. The first and fourth terms are called the extremes, 
and the second and third the means, 

6i When three quantities are in proportion, e. g. a : 6 = 5 : c, 
the second is called a meaii proportional between the other two ; 
and the third, a third proportional to the first and second. 

7* A proportion is transformed by Alternation when antece- 
dent is compared with antecedent, and consequent with conse- 
quent. 

8« A proportion is transformed by Inversion when the ante- 
cedents are made consequents, and the consequents antece- 
dents. 

9* A proportion is transformed by Composition when in each 
couplet the sum of the antecedent and consequent is compared 
with the antecedent or with the consequent. 

10* A proportion is transformed by Division when in each 
couplet the difference of the antecedent and consequent is com- 
pared with the antecedent or with the consequent. 

II, Axiom. Two ratios respectively equal to a third are 
equal to each other. 
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THEOREM I. 

» 

12. In a proportion the prodicct of the extremes is equal to 
the product of the means. 



Let a :h'=ic id 

that is 



a c 

h~d 



Clearing of fiuctions adz=.hc 

13» Scholium. A proportion is an equation; and making 
the product of the extremes equal to the product of the means 
is merely clearing the equation of fractions. 



THEOREM II. 

lit If the product of two quantities is equal to the product of 
two others, the factors of either product may he made the extremes^ 
and the factors of the other the means of a proportion. 

Let ad =zhc 

Dividing hj hd h^^d 

that is a :b = c : d 



THEOREM III. 

I5i If four quantities are in proportion, tJiey toill be in pro- 
portion by aUemation. 

Let a : b =z c : d 

By (12) ad=bc 

By(U) a:c = h:d 
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THEOREM IV. 

16i If four quaiUUieB are in proportion^ they wUl he in pro^ 
portion hy inversion. 



Let 






a\h c id 


By (12) 






ad — he 


By (14) ; 






h : a — die 




THEOREM 


V. 





I7i If four quantities are in proportion, they will he in pro- 
portion hy composition. 

Let a :h =zc : d 

that is 

Adding 1 to each member 

or 
that is 



a 

h" 


c 
'd 




?+>- 






a+h_ 


c + d 




h "^ 


d 




a + 5 :5 — 


c + c? : 


d 



THEOREM VL 

18t If four quantities are in proportion, they wiU he in pro- 
portion hy division. 

Let a :hz=zc id 

that is T = -; 

h d 

Subtracting 1 fix)m each member t — 1=3 — 1 



or 



h d 

a — h c — d 



b d 

that is a — 6:6 = c — did 
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19. Ccyrollary, From (17) and (18), by means of (15) and 

(11), 



If 


a :h c : d 


then 


a-\-b : a — b — c-^-dic — d 
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20« Equimvltiples Qf two quantities have the same ratio as the 
quantities themselves. 

-rt a ma 

^^^ I = — j: 

o mo 
that is a : b := ma : mb 

21 • Corollary. It follows that either couplet of a proportion 
may be multiplied or divided by any quantity, and the result- 
ing quantities will be in proportion. And since by (15), if 
a : b z=: ma : mbf aim a b : mb or ma : a = mb : b, it 
follows that both consequents, or both antecedents, may be 
multiplied or divided by any quantity, and the resulting quan- 
tities will be in proportion. 



THEOREM VIII. 

22. 1/ four quafiiities are in proportion, like powers or like 
roots of tliese quantities vrUl be in proportixm. 

Let a \b=.c \d 

that IS ^•=.- 

__ a** c* 

Hence -,— = -r 

that is a"^ :h^ =-<f^ '.d^ 

Since n may be either integral or fractional, the theorem is 
proved. 
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THEOREM IX. 

23« If any number of qtianttties are proportional, any antece- 
dent is to its consequent as the sum of all the antecedents is to the 
sum of all the consequents. 

Let a : h =z c : d:=e :f 

Now ah = ah (A) 

and by (12) ad=:hc (B) 

and also af=z'he (C) 

Adding (A), (B), (C) a(h + d +/) = 6 (a + c + «) 

Hence, by (14) a :6==a-|-c-}-^-^"|"^"|"/ 

THEOREM X. 

24* If there are ttpo sets of quantities in proportion, their pro- 
ducts, or quotietUs, term hy term, will he in proportion. 



Let 


a \h — c :d 




and 


e :f — ^ :h 




By (12) 


ad — he 


(A) 


and 


eh—fg 


(B) 


Multiplying (A) by (B) 


ad eh h cfg 


(C) 


Dividing (A) by (B) 


ad he 
eh fg 


(D) 


From (C) by (U) 


ae : 5/= eg : dh 




and from (D) 


ah c d 
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EELATIONS OF POLYGONS. 

DEFINITIONS. 

1« The Area of a polygon is the measure of its surface. It 
is expressed in units, which represent the number of times the 
polygon contains the square unit that is taken as a standard. 

2« Equivalent Polygons are those which have the same area. 

B 

3i The Altitude of a triangle is the perpendic- 
ular distance from the opposite vertex to the base ; 
as^2>. 



4» The Altitude of a parallelogram is the 
perpendicular distance from the opposite side 
to the base ; as IK. 

S. The Altitude of a trapezoid is the 
perpendicular distance between its paral- 
lel sides; 9A PR, 



. F 




E 
M 



K H 

P N 



/ 



R 



\ 

O 



THEOREM I. 

\% Two polygons mvtuaUy equiangular and equilateral are 
equal. 

Let ABC DBF and 
GUIKLM be two poly- 
gons having the sides a( ^^ (? 
AB,BC,CD,BE,EF, 
FA and the angles -4, By 
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(7, i>, E, F of the one re- 
spectively equal to the 
sidesG^Zr,///, /^,^Z, 
L J/, M G, and the angle? 
G, II, 7, K, X, Jf of the 
other; then is the "polj- 
goxiABCDEF equal to the polygon GHIKL M. 

For if the polygon ABC D E F is applied to the polygon 
Gil IKLM so that A B shall be on G II with the point A on 
G, B will fall on H, as AB and G H are equal ; and as the 
angle ^ is equal to the angle //, B G will take the direction 
///; and as J5(7 is equal to HI, the point G will fall on /•, 
and so also the points D, E, F will fall on the points K, L, M\ 
and the polygon ABGDEF will coincide with the polygoy 
Gil IKLM, and therefore be equal to it. 



THEOREM II. 

7« The area of a rectangle is eqtcal to the product of its hast 
arid altitude. 

Let ABCD be a rectangle ; its area 
= AD X AB. 

Suppose AB and AD to hQ divided 
into any number of equal parts, A E, 
EF, AH, II I, <fec., and through the 
points of division, lines EL, FM, HO, 
IP, (fee. be drawn parallel to the sides of 

the rectangle ; then the rectangle will be divided into squares ; 
these squares will be equal to each other (6). If one of the 
equal parts, A E, represents the linear unit, then one of the 
squares, AESII, represents the square unit ; and there will be 
as many square units in the rectangle A E L D as there are 
linear units in AD -^ and as many square units in the rectangle 
ABCD as there are square units in A E LD multiplied by the 
number representing the number of linear units in AB ; that 
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is, the area of the rectangle is equal to the product of its base 
and altitude, that is = -4 -0 X -4 ^. 

8« Scholium, HAD and A B have no common measure, 
the linear unit may be taken as small as we please, that is, so 
small that the remainders will be infinitesimal, and can be neg- 
lected. 

9« Corollary, The area of a square is the square of one of 
its sides. 




THEOREM III. 

lOt The area of a parallelogram is eqiuil to the product of its 
base and altitude. 

Let D F he the altitude of the paral- 
lelogram A BCD; then the area of 
ABCD = AD X DF, 

At A draw the perpendicular A E meet- A D 

ing CB produced in E ] AEFD is a rectangle equivalent to 
the parallelogram ABC D, For the two triangles AEB and 
DFC, having the sides AE, AB equal respectively to the 
sides DFy DC (I. 64), and the included augle E AB equal to 
the included angle FD C (I. 12), are equal. Adding D F C to 
the common part ABFD gives the parallelogram ABC D\ 
and adding its equal AEBto the <3ommon part ABFD, gives 
the rectangle AEFD) therefore the parallelogram ABC D is 
equivalent to the rectangle AE F D \ but the area of the rec- 
tangle =1 A D X -^^(7); therefore the area of the parallelo- 
gram = AD X DF, 



THEOREM IV. 

11a The area of a triangle is equal to half the product of its 
base and altitude. 

Let ^2> be the altitude of the triangle ABC; then the area 
of ABC = iACX BD, 

2* C 
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Draw CE parallel to AB, and BE 
parallel io AC^ forming the parallelogram 
ABEC, The triangle ABC\^ one half 
the parallelogram ABEC (I. 63) ; the 
area of the parallelogram -=. AC Y^ B I) 
(10) ; therefore the area of the triangle = j ^ C X BD. 

12* Cor. 1. Triangles are to each other as the products of 
their bases and altitudes. For if A and a represent the alti- 
tudes of two triangles T and ^, and B and h their bases, their 
areas are \ A y^ B and \aY^h\ therefore 

T\t = \Ay^B\\ay^h 
or (Pn. 21) T \t^=Ay^ B \ay,h 

13« Cor, 2. Triangles having equal bases are as their alti- 
tudes ; those having equal altitudes as their bases. For in the 
proportion above, if ^ = 6, or ul = a, the equals can be can- 
celled from the second ratio (Pn. 21). 



THEOREM V. 



lit The area of a trapezoid is eqtial to kcUf the product of its 
altitude and the sum of its parallel sides. 



B 



E C 




Let EF be the altitude of the trape- 
zoid A BCD] then the area of ABC D 
z=iEFX(BC + AJ)). 

Draw the diagonal BJ);\t will di- 
vide the trapezoid into two triangles, 
ABDy BCDy having the same alti- 
tude E F ^% the trapezoid. 

By (11) the area of BCD = \EFy,BC 

and the area of ABDz=.^ EF X A I) 

Therefore the area of the trapezoid =1 EF X (BC-^-AI)). 

15* Corollary. As (I. 66) the line joining the middle points 
of the sides AB and CD of the trapezoid =:^ (BC + AD), 
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therefore the area of a trapezoid is equal to the product of its 
altitude and the line joining the middle points of the sides 
which are not parallel. 



THEOREM 71. 

16« A Ime dravm parallel to one aide of a triangle divides ike 
other sides proportionally. 

In the triangle ABC l&t D EhQ drawn B 

parallel to £C ; then 

AE',EC = AD :DB 
Draw D C and B E ; the triangles ABE 
and E D C, having the same vertex D, have 
the same altitude ; therefore (13) 

ADE:EDC=zAE :EC 
And the triangles AD E and D E B, having the same vertex E^ 
have the same altitude; therefore (13) 

ADE :DEB=AD :DB 
But the triangles E B C and DEB are equivalent (11), since 
they have the same base D E and the same altitude, viz., the 
perpendicular distance between the two parallels DE and BC, 
Therefore (Pn. 11) AE iEC=AD :DB 




17« Corollary, As 

AEiEC 
by(Pn. 17) AE:AE + EC 
that is ' AE :AC 

or(Pn. 16) AC:AE 



ADiDB 
AD :AD + DB 
AD :AB 
AB'.AD 



THEOREM VII. 

CONVERSE OF THEOREM VI, 

18. A line dividing ttoo side^ of a triangle proportionally is 
parallel to the third side of the triangle. 

In the triangle ABC \i D E divides A B and A C so that 
AE iECz=AD :DB, then D E is parallel to B C. 
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For if BE is not parallel to BC, through 
B draw D F parallel to BC\ then (16) 

AD \BB — AF \FC 
But by hypothesis 

AD :DB = AE lEC 

Therefore (Pn. 11) 

AF:FC=AE:EC 
or(Pn. 15) AF:AE = FC:EC 

But this proportion is absurd ; for ^ i^ is less than A E, while 
FCi% greater than EC', therefore D E '\b parallel to BC. 




19« Definition. Similar Polygons are those which are mutu- 
ally equiangular, and have their homologous sides, that is, the 
sides including the corresponding angles, proportional 




THEOREM VIII. 

20* Two triangles mvJtually equiangular are similar. 

In the two triangles ABC, 
DEF, let the angle A = D, 
Bz=lE, and C=zF\ then the ^ 
triangles are similar. 

As the triangles are equian- 
gular, we have only to prove 
the homologous sides proportional. Cut off ^ G^ and ^ ^ equal 
respectively to DE and DF, and join GH-, the triangle A Gil 
is equal to D E F (I. 40), and the angle AGH—E; but 
E = B', therefore AGHz=zB, and GH is parallel tx^ B C 
(I. 18); and (17) 

AB'.AG=:iAC:AH 
or AB iDE^AC :DF^ 

' In like manner it may be proved that 

AB:DE = BC :EF=AC:DF 

21, Corollary, Two triangles whose sides are equally in- 
clined to each other are similar. For if one of the trians^lcs is 
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turned through an angle equal to the angle of inclination of 
the sides, the sides of the triangles become respectively parallel ; 
they are therefore equiangular (I. 1 2) and similar (20). 



THEOREM IX. 

22 • The altitudes of two similar triangles ' are proportional to 
the homologous sides. 

Let BG and ^^ be the alti- 
tudes of the similar triangles 
ABC &nd DBF; then 

BG',BU = AB:DB = 
AG \BF—BC \EF 

For the two right triangles "^ (} " ^ 7/ 

ABGy BE II are equiangular (I. 35), and similar (20) ; therefore 

BG \EH=AB\BE = AG \BF=BG \EF 




C D 




THEOREM X. 

23 1 Two triangles having an angle of the one eqml to an angle 
of the other, and the sides including these angles proportional^ are 
similar. 

In the triangles ABC.BEF 
let tiie angle A'=^D and 

AB:BE=AC\BF 

then the triangles ABG and 
BE F are similar. 

Cut q'S AG and AH re- 
spectively equal to B E and B F, and join G H; the triangle 
A GH = BEF, and the angle A GH—E (I. 40), 

By hypothesis AB\BE—AG,BF 

or AB'.A G = AC :AH 

that is, the sides AB, AC are divided proportionally by the 
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line G H \ therefore GH is parallel to B C (18), and the angle 
AGR = B (I. 18); but the angle AGH = E ; therefore 
B =. E^ and the two triangles are mutually equiangular aa*^. 
therefore similar (20). 



THEOREM XL 

24 1 In a right triangle the perpendicular dravmfrom tJie ver- 
tex of the right angle to the hypothenuse divides the triangle into 
tvjo triangles similar to the whole triangle and to each other. 

In the right triangle ABC i£ BD is 
drawn from the vertex B of the right 
angle to the hypothenuse A (7, the two 
triangles ABD, BCD are similar to 
ABC and to each other. 

The two right triangles ABB and ABC have the acute an- 
gle A common; they are therefore equiangular (I. 35), and simi- 
lar (20). The two right triangles ABC 2.xABCD have the 
acute angle C common ; therefore they are equiangular and 
similar. The two triangles ABB and BC D^ being each similar 
to ABCf are similar to each other. 

25t Cor. 1. Since ABC and ABB are similar triangles 

AC :AB = AB:AJ) 

And since ABC and BCD are similar 

AC \CB = CBxCD 

m 

that is, in a riglU triangle eitJier side about the right angle is a 
mean proportional between the whole hypothenuse and the segment 
adjacent to that side cut off by the perpendicular drawn from the 
vertex of the right angle to the hypothenuse, 

26« Cor, 2. A& ABD and BCD are similar triangles 

AD \DB = DB\DC 
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that is, in a right trtanz/le the perpendicular from the vertex of 
the right angle is a mean proportional between the segments of the 
base. 



\^'\ 



• THEOREM XII. 

27» The square described on the hypothenuse of a right angle is 
equivalent to the sum of the squares described upon thp other two 
sides. 



Let ABChQSi triangle right- 
angled at B ; then 

On the three sides construct 
squares, draw B D perpendicu- 
lar to A C, and produce it to 
FE; BCJEL id & rectangle 
whose area is (7) 

CEXCD=ACXCD 

The area of the square (9) 
BIKC = BV^ 




But (25) 



or 



AG xBC — BC :CD 
ACX CD = BC'' 



that is, the square BIKC is equivalent to the rectangle DC EL. 
In the same way the square AG H B can be proved equivalent 
to the rectangle AD LF \ therefore the sum of the two rec- 
tangles, that is, the square AC E F m equivalent to the sum of 
the squares BIKC and A G HB ; or 



AC^ = AB^ + BC' 



28* Corollary, Since 



2 



AC =AK'\-BC 



and 



BC =AC'' 
BC = 



AB 



S/AC^ — AB^ 
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THEOREM XIII. 

29* Similar triangles are to each other as the squares of their 
homologous sides. 

Let ABC and D EF be two 
similar triangles ; then 

ABC :DEF=TC^ :B~P 

Draw B G and E H perpendic- 
ular respectively io AC and D F; 
then (22) ^ ' ^~^ ^ ^ 

BG,EH=AC\DF 

this multiplied by the proportion 

\AC ',\BF=AC^ :DF 
gives ^ACX BG iIjDFX EH=AC'' \DF^ 
h\xt ^ AC X BG i^ the area of ^ ^ (7, and ^DFX ^S is 
the area oi D E F {\\) ; therefore 

ABC :DEF='AG'' .Wf!" 






THEOREM XIV. 

30* Similar polygons can he divided into the same number of 
similar triangles. 

Let ABC D E F and 
GHIKLM be similar poly- 
gons ; they can be divided A 
into the same number of sim- 
ilar triangles. F E 

From the homologous angles A and G draw the diagonals 
AC, A Dy A E^ GI, G K, and (rZ ; these diagonals divide the 
polygons as required. For, as the polygons are similar, the an- 
gle B = If,SindAB:GH = BC: HI; therefore the trian- 
gles ABC and G HI are similar (23). As the triangles ABC 
and Gill are similar, the angle BC A = HIG; but the 
whole anglfe BCD=z HIK; therefore the angle ACDz:=z GIK; 
and as the triangles ABC and G H I diXQ similar 
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BC iHI=:iAO :GI 
But BG :HI=GJD :IK 

Therefore AG iGI=GD :IK 

and AG D and GIJC fuce similar (23). In like manner it can 
be proved that the other triangles are similar each to each. 

THEOREM XV. 

31 1 TJie perimeters of similar polygons are to each other as the 
hxmwlogous sides ; and the polygons as the squares of the h/ymolo- 
gous sides. 

Let ABG D EF and ^^.^-^ 

G H IKLM be two similar /^-^^ \^ 
polygons. -^v'\ / V*"^*-. y 

1st. Their perimeters are \ ''^^'•-...V 
to each other as ^^ : GH F E 

For as the polygons are similar 

AB:GH = BG : H I =z G D :IK, &c. 
Therefore (Pn. 23) 

AB-\-BG^GD,kc.: GH + HI-\-IK, &c.=AB:Gff 
that is, the perimeters oiABGDEF and GHIKLM^ix^ as 
AB:GH. 

2d. ABGDEFiGHIKLMzz^T&iGli^ 
From the homologous angles A and G draw the diagonals 
AG, AD, AEyGIy GK, and G L ; the polygons will be divided 
into the same number of similar triangles (30) ; therefore (29) 

ABG:GffI = TG^ :g1^ 

and AGD :GIK—I7J':Gl^ 

Therefore ABG: GHIzz^A GD :GIK 

In like manner ^ 4 GJ^-.^GIJ^^^ ADE.GKL 
and . ADEi^KL:^ AEF.GLM 

Hence (Pn. 23) 

ABG ^ AGD -\- ADE •\' AEF : GUI -\- GIK -^^ GKL + 

GLM=ABG .GUI 



But ABG : GUI=AB^\ GR 
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Therefore the sums of the triangles, that is, the polygons 
themselves, are to each other as the squares of the homologous 
sides. 

32* Definition. A Seg^olar Polygon is one that is both equi- 
angular and equilateral. 

THEOREM XVI. 

33« Regular polygons of the same number of sides are similar. 

B C 



Let A BODE F and 
GHIKLM be two reg- 




/ 

ular polygons of the / . \jy 






same number of sides; 
they are similar. 

They are equiangular; p e 

for the sum of their angles is the same (I. 67) ; and each angle 
is equal to this sum divided by the number of angles which is 
the same. 

The homologous sides are proportional ; for as the polygons 
are regular, ^ ^ = J5 (7 = C 2), &c., and G H =l H I = I K, 
&c., therefore A B : GH = BC \EI=CD \ IK, &c. 



THEOREM XVII. 

34 • There is a point in a regular polygon equidistant from its 
vertices, and also equidistant from its sides. 

Let ABODE F be a regular polygon. b G O 

Bisect the angles ^ and if by ^ and A j /\ 

B 0. As the whole angles A and B are / \ I / \ 

each less than the two right angles, the ^ \- -;^: y D 

sum of 0^^ and -4^0 is less than two \ / \ / 

right angles ; therefore A and BO can- \ '' \ / 

not be parallel (I. 17), but will meet. ^ ^ 



BOOK II. 43 

Suppose them to meet in the point ; then is equidistant 
from the vertices A, B, (7, Z), B^ F, and B G C 

also from the sides AB, BCy C D^ &c. /\ 

Draw 00, OB, OB, OF. OA = OB / \ 

(I. 45). k%0 B bisects the whole angle a(- 

B, the angle OBA = OBC\ therefore \ /^\ / 

the triangle ABO = OBC(L 40), and \/ \/ 

OC = OA = OB, In like manner it F ^E 

can be proved that OD^=zOEz= F =z OA ; that is, is 
equidistant from the vertices of the polygon. 

As the triangles A B, B C, C D, &c. are equal, their 
altitudes are equal, that is, the bases are equidistant from the 
vertex 0, 

35* Scholium, is called the centre, and the perpendicular 
G the apotJiem of the polygon. 

36t Corollary, In regular polygons of the same number of 
sides, the apothems are as the homologous sides ; therefore the 
perimeters of regular polygons of the same number of sides are as 
their apothems ; and the polygons as the squares of their apothems. 



THEOREM XVIII. 

37t The area of a regular polygon is equal to half the product 
of its perimeter and apothem. 

For the area of each triangle of which the polygon is com- 
posed is equal to half the product of its base and the apothem 
of the polygon (11) ; therefore the area of the polygon is equal 
to half the product of the sum of the bases, that is, its perim- 
eter and its apothem. 



/ 

I 
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PRACTICAL QUESTIONS. 

1. What is the perimeter and the area of a rectangle 25 by 35 inches ? 

2. What is the area of a parallelogram whose base is 20 feet and altitude 
12 feet ? 

8. What is the area of a triangle whose base is 14 feet and altitude 8 
feet ? 

4. What is the square surface of a bo^d 15 feet long, and 16 inches wide 
at one end and 9 inches at the other ? What kind of a figure is it ? 

5. What integral numbers will express thei sides and hypothenuse of a 
right triangle ? 

6. How far from a tower 40 feet high must the foot of a ladder 50 feet 
long be placed that it may exactly reach the top of the tower ? 

7. The foot of a ladder 67 feet long stands 40 feet from a wall ; how 
much nearer the wall must the foot be placed that the ladder may reach 10 
feet higher ? 

.8. If a ladder 108 feet long, with its foot in the street, will reach on one 
side to a window 75 feet high, and on the other. to a window 45 feet high; 
how wide is the street ? 

9. A has an acre of land one of whose sides is 20 rods in length ; B has 
a piece of land of exactly similar form containing 9 acres. What is the 
length of the corresponding side of B's ? 

10. What is the distance on the floor from one corner to the opposite 
comer of a rectangular room 16 by 24 feet ? 

11. If the height of the above room is 10 feet, what is the distance 
from the lower comer to the opposite upper comer ? 

12. Find the length of the longest straight' line that can be drawn in a 
cube whose dimensions are 12, 4, and 3. 

13. What is the altitude of an equilateral triangle whose side is 12 feet ? 

14. If the bases of two similar triangles are respectively 100 and 10 feet, 
how many triangles equal to the second are equivalent to the first ? 

15. How many times as much paint will it take to cover a church whose 
steeple is 120 feet in height as to cover an exact model of the church whose 
steeple is 10 feet in height ? 

16. What is the area of a .right-angled triangle whose hypothenuse is 
125 feet and one of the sides 75 feet ? 
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EXEBCISEa 

The following Theorems, depending for their demonstration upon 
those already demonstrated, are introduced as exercises for the pupil. 
In some of them references are made to the propositions upon which 
the demonstration depends. They are not connected with' the prop- 
ositions in the following books, and can be omitted if thought best. 

38fl The square on the sum J. C of two straight 
Unes A By B C is equivalent to the squares on -^ J5 
and B C, together with twice the rectangle 
AB.BC. 

Or, algebraically, \{ a = AB, and h ^ BC, 
(a+h)*=za^-\.2ah + h* 




K Corollary, The square on a line is four times the square on 
half of the line. 



40* The square on the difference A C of 
two straight lines AB^ BC is equivalent to the 
squares on -4.2? and BC, diminished by twice 
the rectangle AB.BC 

Or, algebraically, if a = J. .B, and b=z BC^ 

41 • The rectangle contained by the sum and 
difference of two lines AB, BCis equivalent to 
the difference of their squares. 

Or, algebraically, if a^ AB and h^ BC 
(a + 6) (a — 6) = a» — &» 

Produce ABso that BD = BC 



K D 



G E 







If 


L 


P 1 


A 
E 


C B 
G F 




■ 


L 


K I 




H 



C B D 



42« Parallelograms are to each other as the products of their bases 
and altitudes. (10.) 

43 • Parallelograms having equal bases are to each other as thear 
altitudes; those having equal altitudes are as their bases. 

44 • Where must a line from the vertex be drawn to bisect a tri- 
angle ? (13.) 

45« Two or more lines parallel to the base of a triangle divide the 
other sides, or (he other sides produced, proportionally. 
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« 

46* Lines joining the middle points of the adjacent sides of a 
quadrilateral form a parallelogram ; and the perimeter of this paral- 
lelogram is equal to the sum of the diagonals of the quadrilateral 

Draw the diagonals. (18.) 

47» Lines drawn from the vertex of a triangle divide the opposite 
side and a parallel to it proportionally. 

\ 48t State and prove the converse of 47. 

49« A B CD is a parallelogram j E and F the middle points of 
A B and CD. BF and DE trisect the diagonal A G, 

50* If two triangles have two sides of the one equal respectively 
to two sides of the other, and the included angles supplementary, tlie 
triangles are equivalent. 

51* The diagonals divide a parallelogram into four equivalent tri- 
angles. Two triangles standing on opposite sides are equal. 

52* If the middle points of the sides of a triangle are joined, the 
area of the triangle thus formed is one fourth the area of the original 
triangle. 

53« Every line passing through the intersection of the diagonals 
of a parallelogram bisects the parallelogram. 

54* If a point within a parallelogram is joined to the vertices, the 
two triangles formed by the joining lines and two opposite sides are 
together equivalent to half the parallelogram. 

Through the point draw lines parallel to the sides of the parallelo- 
gram. 

55« State and prove the proposition if the point named in 54 is 
without the parallelogram. 

56 • The area of a trapezoid is equal to twice the area of the tri- 
angle formed by joining the extremities of one non-parallel side to the 
middle point of the other. 

57* Two triangles are similar if two angles of the one are equal 
respectively to two angles of the other. 

58 • Two triangles are similar if their homologous sides are pro- 
portional. 
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59« Definition, When a point is taken on a given line, or a 
given line produced, the distances of the point from the extremities 
of the line are called the segments. If the point is within the given 
line, the sum of the segments, if in the hne produced, the difference 
of the segments, is equal to the line. 

60t The line bisecting any angle, interior or exterior, divides the op- 
posite side into segments which are proportional to the adjacent sides. 

Let B be the bisected angle of a triangle ABC, Through C 
draw a line parallel to the bisecting line and meeting A B. If the 
interior angle at 5 is bisected, A B must be produced ; if the exterior 
angle, A C, In the latter case, if JS* is the point where the bisecting 
line meets A C produced, the segments of the base (59) me AE and 
CE, (1.17.) (1.45.) (16.) 

61* Two triangles having an angle of the 
one equal to an angle in the other are to each 
other as the rectangles of the sides containing 
the equal angles ; or 

ABC'.ADE=zABXAC:ADX AE 
Draw BE. (13.) (Pn. 24.) (Pn. 21.) 

62. Prove Theorem XII,, first 
drawing O C and BF; then prov- 
ing the triangles AGO and A BF 
equal 

Turn the triangle A BF on the 
point A in its own plane till A B 
coincides with A G] where will 
i^be? (7,11.) 

63. Prove that i^ GH, KI, 
and L B, in the figure above, are 
produced, they will meet in the 
same point. 

64* Prove Theorem XII., first producing FA to GUy and pro- 
ducing GJT, JCIj and Z 2? till they meet 

65* Prove Theorem XII., first constructing the squares on oppo- 
site sides of AB and B C from that on which they are drawn in the 
figure in Art. 62 j moving the square A GHB on ABj 9k distance 
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equal to i? C in the direction BA ; then proving that these squares 

are divided into parts that can be made to coincide with the parts of 

the square on A C 

B 

66« If J. is an acute angle of the triangle ABCy 
and BD is the perpendicular from BU> A Cj then / 

B C* = AB* + AO* — 2 AC X AD / 

67t If A is an obtuse angle of the triangle B 

ABC, and BD ia the perpendicular from B fNT*""^--...^ 

to A C, then jj! X ^-^^ ^ 

BC* = AB* + AC* + 2ACX AD ^ 

68t Show that if the angle A becomes a right angle, both GC 
and 67 reduce to the same as 27 ; and if C becomes a right angle, 
both reduce to the same as the second equation in 28. 



If a line is drawn from the vertex of any angle of a triangle 
to tlie middle of the opposite side, the sum of the squares of the other 
two sides is equivalent to twice the square of the bisecting line to- 
gether with twice the square of a segment of the bisected side. 

Draw a perpendicular from the same vertex to the opposite side. 
(66, 67.) 

70* The sum of the squares of the four sides of a parallelogram is 
equivalent to the sum of the squares of the diagonals. (69.) (39.) 

71. In the figure in Art 62 draw HI, KE, FG. The triangle 
niB is equal, and tlie triangles CKE, GAF&re equivalent to ABC. 

72» The squares of the sides of a right triangle are as the seg- 
ments of the hypothenuse made by a perpendicular from the vertex 
of the right angle. 

78» The square of the hypothenuse is to the square of either side 
as the hypothenuse is to the segment adjacent to this side made by a 
perpendicular from the vertex of the right angle. 

74 • The side of a square is to its diagonal as 1 : v^2; or the square 
described on the diagonal of a square is double the square itself. 

75» (Converse of 30.) Two polygons composed of the same num- 
ber of similar triangles similarly situated are similar. 
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DEFINITIONS. 

!• A (Srde is a plane figure bounded by a curved line called 
the circumference^ every point of which is equally distant from a 
point within called the centre ; 9^ ABD E. 

2« The Badios of a circle is a. line 
drawn from the centre to the circum- 
ference ; oa C D, 

3t The Diameter of a circle is a line 
drawn through the centre and termi- Ji 
nating at both ends in the circumfer- 
ence ; vts AD. 

4t Corollary. The radii of a cir- 
cle, or of equal circles, are equal ; also the diameters are equal, 
and 6ach is equal to double the radius. 

5. An Arc is any part of the circumference ; na A F B, 

6« A Chord is the straight line joining the ends of an arc | 
as^^. 

7« A Segment of a circle is the part of the circle cut off by 
a chord ; as the space inqluded by the arc AF B and the chord 
AB. 

8« A Sector is the part of a circle included by two radii and 
the intercepted arc ; as the space BCD. 

9« A Tangent (in geometry) is a line which touches, but 
does not, though produced, cut the circiunference ; slb GD. 
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A tangent is often considered as terminating at one end at 
the point of contact, at the other where it meets another tan- 
gent or a secant. 

lOt A Secant (in geometry) is a line lying partly within and 
partly without a circle ; as G H, 

A secant is generally considered as .terminating at one end 
where it meets the concave circumference, and at the other 
where it meets another secant or a tangent. 



I 



THEOEEM I. 




lit In the same circle, or equal circles, equal angles at the cen- 
tre are subtended hy equal arcs ; and, conversely, equal arcs sub- 
tend equal angles at the centre. 

Let B and U be equal 
angles at the centres of 
the two equal circles 
ACG and BFII; then 
the arcs AC and DF 
are equal. 

Place the angle B on q h 

the angle E -, as they are equal they will coincide; and as BA 
and BC are equal to E D and E F, the point A will coincide 
witli D, and the point C with F ; and the arc A C will coincide 
with D F, otherwise there would be points in the one or the 
other arc unequally distant from the centre. 

Conversely, If the arcs A C and D F are equal, the angles 
B and E are equal. 

For, if the radius ^ jB is placed on the radius D E with the 
point B on E, the point A will fall on D, as AB = BE; and 
the arc A C will coincide with £> F, otherwise there would be 
points in the onjB or the other arc unequally distant from the 
centre ; and as the arc AC -=• B F, the point C will fall on F \ 
therefore BC will coincide with E F, and the angle B be equal 
to^. 
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12» In the same or equal circles^ equal chords subtend equal 
arcs ; and, conversely, equal arcs are subtended by equal chords. 

Let ABC and 
D E F hG two 
equal circles; if 
the arcs AB and 
D E are equal, 
the chords A B 
and D E are 
equal ; and conversely, if the chords A B and D E are equal, 
the arcs A B and D E are equal. 

For, if the centre of the circle ABC r& placed on the centre 
o^ BEF with the point A of the circumference on the point i>, 
if the arcs or the chords are equal, B will fall on E\ and in 
either case the chords and arcs will coincide, otherwise there 
would be points in the one or the other circumference unequally 
distant from the centre. 
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13, Angles at the centre vary as their correspondhig arcs. 

Let ACD, DCE, ECFhe equal an- 
gles at the centre C ; then the arcs A B, 
BE, EFare equal (11); then the an- 
gle AC E, being double the angle A CB, 
the arc -4 -^ is double the arc -4 i) ; and 
the angle AC F, being three times the 
angle AC B, the arc ^ i^ is three times 
the arc AB] and the angle AC G, being m times the angle 
AC By the arc AG mm times the htq AB', that is, the angle 
Varies as the arc, or the arc as the angle. 
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14« Cor, 1. As angles at the centre vary as their arcs, or 
arcs as their corresponding angles, either of these quantities 
may be assumed as the measure of the other. The measure of 
an angle is, then, ike arc iriclvded between its sides and described 
from its vertex as a centre. 

15* Cor, 2. As the sum of all the angles about the point 
C is equal to four right angles (I. 9), one right angle, HC A^ is 
measured by one quarter of the circumference, or by a quadrant. 



THEOREM IV. 

16t The radius lyerpendioular to a chord bisects the chard and 
the arc subtended by tlie chord. 

Let C E hQ Q, radius perpendicular to 
the chord AB; it bisects the chord A B, 
and also the arc A E B. 

Draw the radii (7-i and CB and the 
chords AE and E B. As equal oblique 
lines are equally distant from the perpen- 
dicular, ADz=zDB {l.b2,)) and as iT is ^ 
a point in the perpendicular to the middle of A B, it is equally 
distant from A and B (I. 53) ; therefore the chords and the arcs 
AE^ E B &re equal. 

17. Corollary/. The perpendicular to the middle of a chord 
passes through the centre of the circle. 




DEFINITIONS. 

18t An Inscribed Angle is one whose vertex is in the circum- 
ference and whose sides are chords ; as DA B. 

19* An Inscribed Polygon is one whose sides are chords. 
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Thus ABCDEF m inscribed in the outer circle. In this case 
the circle is said to be circumscribed 
about the polygon. 

20* A drcmnscribed Polygon is 

one whose sides are tangents. Thus 
ABC D EF v& circumscribed about the 
inner circle. In t«*jpase the circle is 
said to be inscribed m the polygon. 
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21* An inscribed angle is measured by half the arc iiiduded by 
its sides, 

m 

1st. When one of the sides -Si) is a 
diameter ; then the angle B is measured 
by half the arc A D, Draw the radius 
C A, and the triangle AC B is, isosceles, 
CA and C B being radii; therefore the 
angle A = B (I. 42). ' But the exterior 
angle AC D m jiflual to the sum of the 
two angles A and ^ (I. 39) ; therefore tha 
angle AUB is equal to lialf the angle ^; the angle A C I) is 
measured by the arc AD (14); therefore the angle B is meas- 
ured by half the arc A D, 




B 



2d. When the centre is within the 
angle, draw the diameter B C. By the 
preceding part of the proposition the an- 
gle ^ ^ (7 is measured by half the arc 
AC,2iVi^CBD by half C D -, therefore 
ABC-{-CBD, or ^ ^ A is measured 
by half AC+ CD, or the arc A D, \ 

A 
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3d. When the centre is without the 
angle, draw the diameter B O. By the 
first part of the proposition the an- 
gle ABC is measured by half the arc 
AC, and BBC by half B C ; therefore 
ABC — BBC, or ABB, is measured 
by ^^1 C — B C,or the arc -4 i>. ' 

22, Cor. 1. All the angles ABOy^J 
ABC, inscribed in the same segment are 
equal ; for each is measured by half the B 
arc ABC. 

23* Cor, 2. Every angle inscribed in 
a semicircle is a right angle; for it is 
measured by ha]^ a semi-circumference, 
or by a quadrant (15). 

THEOREM VI. 
24* Every eqxfMatercd polygon inscribed in a circle is regular. 

Let ABCBEF be an equUateral B . 

polygon inscribed in a circle ; it is also 
equiangular and therefore regular. 

For the chords AB, BC, C B, &c. 
being equal, the arcs AB, BC, C B, 
&c. are equal (12); therefore the arc 
AB -^ the arc B C will be equal to the 
arc B C '}' the arc C B, <fec. ; that is, the angles B, C, &c. are 
in equal segments ; therefore they are equal (22), and the poly- 
gon is equiangular and regular. 




THEOREM VII. 
25* An infinitely small chord coitiddes with its arc. 

Let ^ ^ be an infinitely small chord ; it coincides with the 
arc ABB, 
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Draw the diameter C B perpendicu- 
lar to the chord A B \ and draw A O 
awl AI) ; CAB is a right-angled tri- 
angle (23) ; therefore (II. 26) 

CE'.AEz=zAE'.EB 

that is, EB is the same part of AE that 
A E is of OE, But ^ ^ is half the infinitely small chord 
A B (16), and AB is infinitely small in comparison with C E \ 
therefore E B is infinitely small in comparison with A E, that 
is, the point E is on B, and the chord A B coincides with the 
^Q AB B. 

THEOREM VIII. 

26* A circle is a regular polygon of an infinite number of 
sides. 

If the circumference of a circle is divided into equal arcs, 
each infinitely small, the infinitely small chords of these arcs 
would form a regular polygon (24) of an infinite number of 
sides ; and as each chord would coincide with its arc (25), the 
polygon would be the circle itself. 

27t Scholium, It might be supposed that although the dif- 
ference between each chord and its arc is infinitesimal, yet as 
there is an infinite number of these differences their sum would 
not be infinitesimal and ought not to be neglected ; that is, 
thiit the perimeter of the polygon and the circumference of 
the circle differed by a finite quantity. But each chord is in- 
finitely small compared with the diameter of the circle, or is 

equal to -^-t; and the difference between each chord and its 
Inf. 

arc is infinitely smaller than the chord itself, or is equal to 

D 

7-7- , ^ ^ ; and an infinite number of these differences is equal 
Jnf. X Inf. ^ 

to T J. .. ^ ^ X Ifif' = -5—? J that is, the difference between the 
Inf. X Inf, ^ -^ Inf.' ' 

perimeter of the polygon and the circumference of the circle is 
^ infinitesimal. 



r 



/ 
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THEOREM IX. 

28t Circumferences of circles are to each other as their radii^ 
or as their diameters. 

For circles are regular polygons of an infinite number of sides 
(26) ; and if the circumferences of circles are divided into the 
same infinite number of arcs, the polygons formed by their 
chords, that is, the circles themselves, are regular polygons of 
the same number of sides and are therefore similar (II. 33) ; 
and the apothems of the polygons are the radii of the circles ; 
therefore the circumferences of the circles are as their radii 
(11. 36), or as twice their radii, that is, as their diameters. 

29» (7or. 1. If C and c denote the circumferences, R and r 
the corresponding radii, and D and d the corresponding diame- 
ters, we have 

C : c =R :r = D id 

or C : R = c : r 

and C : J) = c : d 

That is, the ratio of the circumference of every circle to its ra- 
dius or to its diameter is the same, that is, is constant. The 
constant ratio of the circumference to its diameter is denoted 
by IT (the Greek letter p). 



30. Cor. 2. 



C 

C = irDz=z2vR 
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31 1 The area of a circle is equal to half tJie product of its cir- 
cumference and its radius. 

The area of a regular polygon is half the product of its perim- 
eter and its apothem (II. 37) ; a circle is a regular polygon 
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of an infinite number of sides (26) ; the circumference of the 
circle is the perimeter of the polygon, and its radius is the 
apothem ; therefore the area of a circle is half the product of 
its circumference and its radius. 

32t Corollary, If (7 = the circumference, D = the diame- 
ter, R = the radius, and A = the area of a circle, we have 

A=iCXR 
But (30) C = 2irR=znD 

Therefore A = \ X 2irRX R — '^R^ 

or A = \^DX^ = \nD^ 



THEOREM XL 

33t The side of a regular hexagon inscribed in a circle is equal 
to the radivfi of the circle. 

In the circle whose centre is C draw the 
chord A B equal to the radius ; ^ -5 is the 
Bide of a regular hexagon inscribed in a 
circle. 

Draw the radii CA and CB-, CAB is 
an equilateral, and therefore an equiangu- 
lar triangle ; hence the angle C is equal to 
one third of two right angles, or one sixth of four right angles ; 
that is, the arc .4 ^ is one sixth of the whole circumference, 
or the chord AB the side of a regular hexagon inscribed in the 
circle (12 and 24). 

34t Corollary, The chord of half the arc A B would be the 
side of a regular dodecagon ; the chord of one quarter of the 
arc A Bf the side of a regular polygon of twenty-four sides ; and 
80 on. 

3* 
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PROPOSITION XIL 



PROBLEM. 



35* The chord of an arc given to find the chord of half the arc. 

Let AB he the given chord, A D the 
chord of half the arc ABB, and E denote 
the radius. 

Draw the diameter BF, the radius AC, 
and the chord A F. The triangle AD F 
is right angled at A (23) ; then (II. 25) 

BF\AB — AL '.BE 

AB^ = BFX BE=2R X Bf! 

AB = yJ'lMX BE 

BE = BC—CE = R — CE 

CE = \IaG^ — A E'' = \IB^ — AE^ 




or 

and 
Now 

and (11. 28) 

therefore 



BE = R — slR^ — AE^ 
Substituting this value oi B E in 

ABz= s/'lM X BE 



we have 



AB = ^2J^—2B)/Ii^ — AE^ 



36* Cor. 1. If C denote the given chord, c the chord of 
half the arc, the equation becomes 



= \J2B^— 2rJb^ — 
= ^2R^ —R\l4:R^ — C^ 



C^ 
4 



37. Cor. 2. If the diameter B, that is, 2 R, is unity, the 
equation in (36) becomes 
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PROPOSITION XIII. 
PROBLEM. 

38t To fiixd the arithmetical value of the constant ir. 

From (30) C=vD\ if Z> = 1, this equation becomes (7 = ir. 
If then we can find the circumference of a circle whose diame- 
ter is unity, we shall have the value of n. 

If the diameter is unity, radius isjcme half, and the side of a 
regular hexagon inscribed in the circle is one half (33), and the 
perimeter of the hexagon is 6 X ^ = 3. 

As the diameter is unity, and tlie side of the inscribed hexa- 
gon one half, we can find the side of the regular inscribed dodec- 
agon from the equation in (37) : 

c=.yl^-Yslv^ 
= Vi - i v^.Ts 

= V^.5 — .433 

= yjMl = .2588-1- 

The perimeter of the inscribed dodecagon is therefore 
12 X .25884- = 3.105-I-. 

By using the side of the dodecagon = .2588-4-, ^^ ^> ^^ 
.067 = C\ from the same equation we can find the side of a 
regular inscribed polygon of twenty-four sides : 



c = Vj^^^l — .067 

= Vi - i V.933 
= V.S — .483 

= V.0T7 = . 13038 

The perimeter of the inscribed polygon of twenty-four sides is 
therefore 24 X .13038 = 3.129. 

By continuing this process we approximate to the circumfer- 
ence, that is, to the value of ir. 
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39* Scholium, By other more expeditious methods the value 
of JT has been found accurately to two hundred and fifty places 
of decimals. For practical purposes it is sufficiently accurate 
to call IT = 3.14159. 



PRACTICAL QUESTIONS. 

1. What is the circumference of a circle whose radius is 10 feet ? 

2. What is the diameter of a circle whose circumference is 57 rods ? 

3. What is the area of a circle whose radius is 40 feet ? 

4. What is the area of a circle whose circumference is 18 inches ? 

5. What is the circumference of a circle whose area is 116 square feet? 

6. The radii of two concentric circles are 40 and 54 feet ; what is the 
area of the space hounded by their circumferences ? 

7. A has a circular lot of land whose diameter is 95 rods, and B a simi- 
lar lot whose area is 750 square rods ; compare these lots. 

8. What is the difference between the perimeters of two lots of land each 
containing an acre, if one is a square and the other a circle ? 

9. Whaf is the area of a square inscribed in a circle whose area is a 
square metre ? 

10. What is the area of a regular hexagon inscribed in a circle whose 
area is 567 square feet. 

11. If a rope an inch in diameter will support; 1,000 pounds, what must 
be the diameter of a rope of like material to support 4,000 pounds ? 

12. If a pipe an inch in diameter will fill a cistern in 25 minutes, how 
long will it take a pipe 5 inches in diameter ? 

13. If a pipe an inch in diameter will empty a cistern in an hour, how 
long will it take this pipe to empty the cistern if there is another pipe one 
third of an inch in diameter through which the fluid runs in ? 

Ans. 674 minutes. 

14. If a pipe 3 inches in diameter will empty a cistern in 3 hours, how 
long will it take the pipe to empty the cistern if there are 3 other pipes 
each an inch in diameter through which the fluid runs in. 

Ans. 4i hours. 
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EXERCISES. 

The following Theorems, depending for their demonstration \ipon 
tliose already (demonstrated, are introduced as exercises for the pupiL 
In some of them references are made to the propositions upon which 
the demonstration depends. They are not connected with the prop- 
ositions in the following books, and can be omitted if thought best. 

40* Every diameter bisects the circle and the circumference. 

41 • A straight line can meet the circumference of a circle in only 
two points. (4.) (I. 51.) 

42 • The diameter is greater than any other chord of the circle. 

43* In the same or equal circles, when B 

the sum of the arcs is less than a circumfer- 
ence, the greater arc is subtended by the 

greater chord; and, conversely, the greater A'(^ — ^(7 

chord is subtended by the greater arc. 

Drawee. (21.) (1.47.) 

What is the case when the sum of the arcs 
is greater than a circumference ? B 

44t Equal chords are equally distant from the centre ; lind of two 
unequal chords the greater is nearer the centime. 

45* The shortest and the longest line that can be drawn from any 
point to a given circumference lies on the line that passes from the 
point to the centre of the circle. 

46t Two parallels cutting the circumference of a circle intercept 
equal arcs. 

. 47t A straight line perpendicular to a 
diameter at its extremity is a tangent to the 
circumference. 
Draw CB, (I. 51.) 

48t The lines joining the extremities of 
two diameters are parallel. 

49f If the extremities of two chords are joined, the triangles thus 
formed are similar. 
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50* If two circumferences cut each other, the chord which joins 
their points of intersection is bisected at right angles by the Hne join- 
ing their centres. (17.) 

51 • If two circumferences touch each other, their centres and 
point of contact are in the same straight Hne, perpendicular to the 
tangent at the point of contact. (47.) 

52* The distance between the centres of two circles whose cir- 
cumferences cut one another, is less than the sum, but greater than 
the difference, of their radii. 

53t Every angle inscribed in a segment greater than a semicircle 
is acute ; and every angle inscribed in a segment less than a semicir- 
cle is obtuse. (21.) 

51* The angle made by a taifgent and a 
chord is measured by half the included arc. 
Draw the diameter A B. (47.) (21.) 

55 • The angle formed by two chords cut- 
ting each other within the circle is measured 
by half the sum of the intercepted arcs. 

Join BC (in lower figure). (21.) 

56t By moving the point of intersection 
of the two chords, show that (14) and (21) 
can be deduced from (55). 

57. The segments of two chords cutting 
each other within a circle are reciprocally 
proportional. 

Join AD, BC. (21.) (11.20.) 

58* The opposite angles of a quadrilateral inscribed in a circle are 
supplementary. (21.) 

59* A quadrilateral whose opposite angles are supplementary, and 
no other, can be inscribed in a circle. 

60» Circles are as the squares of their radii, or diameters, or cir- 
cumferences. (32.) 

61 1 The area of a sector is equal to half the product of its arc by 
the radius of the circle. (31.) - 
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63« Show how to find the area of a semnent of a circle. 



B 



The area of a circumscribed polygon is equal to half the pro- 
duct of its perimeter by the radius of the circle. 

64 • A tangent is a mean proportional 
between a secant drawn from the same 
point and the part of the secant without 
circle. 

Join AD, DC, (54 ; 21.) (II. 57.) 

65* The angle formed by two secants, 
two tangents, or a secant and a tangent 
cutting each other without the circle, is 
measured by half the difference of the in- 
tercepted arcs. 

Join CK (1. 39.) (21.) 

66* By moving the point of intersec- 
tion, show that (21) can be deduced from 
(65). Show also that (46) can be deduced 
from (65). 

67» Two secants drawn from the same 
point are to each other inversely as the 
parts of the secants without the circle. 

Join OF, n G. (21.) (II. 57.) 

68* Two tangents drawn to a circumference from the same point 
without this circumference are equal. 
Join B E, Figure in (66.) (54.) 

69* A perpendicular from a circumference 
to the 'diameter is a mean proportional be- 
tween the segments of the diameter. 

Join AB,BC. (23.) (II. 26.) 

70* If from one end of a chord a diame- 
ter is drawn, and from the other end a per- 
pendicular to this diameter, the chord is a mean proportional be- 
tween the diameter and the adjacent segment of the diameter. 

Join A ^ (23.) (11.25.) 

71 • The sum of the opposite sides of a circumscribed quadrilat- 
eral is equal to the sum of the other two sides. (68.) 





V 
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GEOMETRY OF SPACE. 

PLANES AND THEIR ANGLES. 

DEFINITIONS. 

1, A straight line m perpendicular to a plane when it is per- 
pendicular to every straight line of the plane which it meets. 

Conversely, the plane, in this case, is perpendicular to the 
line. 

The foot of the perpendicular is the point in which it meets 
the plane. 

2« A line and a plane are parallel when they cannot meet 
though produced indefinitely. 

3t Two planes are parallel when they cannot meet though 
produced indefinitely. 



THEOREM I. 

4t A plane is determined, 

Ist. By a straight line and a point without that line ; 
2d. By three points not in the same straight line ; 
3d. By two intersecting straight lines, 

1st. Let the plane JtfiV", pass- j£ 
ing through the line A B, turn * 
upon this line as an axis until it 
contains the point (7; the posi- 
tion of the plane is evidently de- 
termined; for if it is turned in 
either direction it will no longer contain the point C. 
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2d. If three points, A, J5, (7, not in the same straight line 
are given, any two of them, as A and B, may be joined by a 
straight line ; then this is the same as the 1st case. 

3d. If two intersecting lines AB^ AC are given, any point, 
Cy out of the line A B can be taken in the line A C ; then the 
plane passing through the line AB and the point (7 contains 
the two lines A B and A (7, and is determined by them. 

5. Corollary, The intersection *of two planes is a straight 
line ; for the intersection cannot contain three points not in the 
same straight line, since only one plane can contain three such 
points. 



THEOREM II. 

6t Oblique lines from a point to a plane equally distant from 
the perpendicular are equal ; and of two oblique lines unequally 
distant from the perpendicular^ the m/)re rem>ote is the grea/ter^ 

Let AC, A I) be oblique lines A 

drawn to the plane MN at equal 
distances from the perpendicular 
AB: 

Ist. ^ C' = ^ i>; for the trian- 
gles il^C', ABB are equal (I. 40). 

2d. Let AF he more remote. 
From BF cut off BB= BD 
and draw A E ; then AF ^ AE 
(L 51); ejiAAE=zAD:=AC', therefore AF > AD or AC. 

7t Cor, 1. Conversely, equal oblique lines from a point to a 
plane are equally distant from the perpendicular; therefore 
they meet the plane in the circumference of a circle whose cen- 
tre is the foot of the perpendicular. Of two unequal lines the 
greater is more remote from the perpendicular. 

8t Cor, 2. The perpendicular is the shortest distance from 
a point to a plane. 




N 
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THEOREM III. 



9* The intersections of two parallel planes with a third plant 
are parallel. 

Let A B and C D he the intersec- 
tions of the plane A D with the paral- 
lel planes MN and PQy then AB 
and C D are parallel. 

For the lines A B and CD cannot 
meet though produced indefinitely, 
since the planes MN 2JcAPQ in which 
they are cannot meet ; and they are in 
the same plane A D ; therefore they are parallel. 

10, Corollary, Parallels intercepted between parallel planes 
are equal. For the opposite sides of the quadrilateral ^ 2> be- 
ing parallel^ the figure is a parallelogram ; therefore AC^^BD. 




THEOREM IV. 

11, If two angles not in the same plane have their sides paral- 
lel and similarly situated^ the angles are equal and tlieir planes 
parallel. 

Let ABC and DBF be two angles jf 
in the planes MN and FQ, having 
their sides A B, BC respectively paral- 
lel to D Fj FF, and similarly situated ; 
then 

1st. The angles ABC SLudD FF are 
equal. For, taking FD z= BA, and 
FF=z BC, and drawing A (7, DF, AD, 
BF, and C F, the quadrilaterals AF 
and B F are parallelograms, since A B and B C are respectively 
equal and parallel to DF and FF; therefore A D and C F, 
being each equal and parallel to B F^ are equal and parallel to 
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ea<?h other ; and therefore A F m sl par- j^ 
allelogram, and A C is equal to DF; 
therefore the two triangles ABC and 
D E F, being mutually equilateral, are 
mutually equiangular, and the angles 
ABC and DEF are equal. 

2d. The planes of these angles are^ 
parallel. For, since two intersecting 
lines determine a plane, the plane of 

the lines A B and B C must be parallel to the plane of the 
lines DE and EF^ qjh AB and BC oxe respectively parallel to 
B E said EF. 




THEOREM V. 

12. If two straight Hues are cut hy parallel plaries, they are 
divided proportionaUy. 

Let A B and C Dhe cut by the parallel ^ 
planes MN, FQ, and US, in the points 
A, E, B, and C, F, I) ; then 

AE:EB=CF:FD ^ 

For, drawing A D meeting the plane F Q 
in G, the plane of the lines A B and AD jj 
cuts the parallel planes FQ and RS in - 
EGaxidBB; therefore E G and BBore 
parallel (9), and we have (II. 16) 

AE :EB = AG:GB 

The plane of the lines A D and CD cuts the parallel planes 
MN and PQ in ^ (7 and G^i^; therefore ^ (7 is parallel to GF-, 
and we have 

AG:GD = CF:FD 

Hence we have (Pn. 11) 

AE\EB = CF \FD 
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EXERCISES. 

The following Theorems, depending for their demonstration upon 
those already demonstrated, are introduced as exercises for the pupil. 
In some of them references are made to the propositions upon which 
the demonstration -depends. They are not connected with the prop- 
ositions in the following books, and can be omitted if thought best. 

13* An infinite number of planes can pass through a given 
line. (4.) 

14» There can be but one perpendicular from a point to a plane. 

15« A line perpendicular to each of two lines at their point of 
intersection is perpendicular to the plane of these lines. (4.) (I. 76.) 

16» Parallel lines are equally inclined to the same plane. 

17» State the converse of (16). Is it true? 

18» Lines parallel to a line in a given plane are parallel to the 
plane. 

19» State the converse of (18). Is it true ? 

. 20* Parallel planes are equally inclined to the same straight line. 

21 • State the converse of (20). Is it true? 

22« Parallel lines included between parallel planes are equaL 
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POLYEDEONS. 



DEFINITIONS. 



1* A Polyedron is a solid bouuded by planes. 

The bounding planes are called faces; their intersections, 
edges ; the intersections of the edges, vertices. 

2* The Voliiine of a solid is the measure of its magnitude. 
It is expressed in units which represent the number of times it 
contains the cubical unit taken as a standard. 

3» Equivalent Solids are those which are equal in volume. 

4. Similar Solids are those whose homologous lines have a 
constant ratio. (Corollary,) It follows that similar solids are 
bounded •by the same number of similar polygons similarly 
situated 



PRISMS AND CYLINDERS. 

5» A Prism is a polyedron two of whose faces 
are equal polygons having their homologous sides 
parallel. (Corollary.) The other faces are par- 
allelograms. 

The equal parallel polygons are called bases; 
as 4 ^ and CD. 

6. The Altitude gf a prism is the perpendic- c 
ular distance between its bases; as JFJ F. 
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7* A Sight Prism is one whose other faces are 
perpendicular to its bases. {Corollary.) Its lateral 
faces are rectangles. 

8« A prism is called triangular^ quadrangular, or 
pentdgonaly according as its base is a triangle, a 
quadrangle, or a pentagon ; and so on. 




9* A Parallelopiped is a prism whose bases are 
parallelograms. {Corollary,) It follows that all its 
faces are parallelograms. 

10* A Bight Parallelopiped has all its faces rec- 
tangles. 

II, A Cube is a parallelopiped whose faces are 
all squares. {Corollary.) It follows that its faces 
are all equal, and the parallelopiped right. 

12* A Cylinder is a right prism whose parallel 
faces are regular polygons of an infinite number of 
sides, that is, whose parallel faces are circles. A 
cylinder can be described by the revolution of a rec- 
tangle about one of its sides which remains fixed. 
The side opposite the fixed side describes the convex 
surfacty and the other two sides the two circular 
bases. Thus the rectangle ABC B revolving about 
B C would describe the cylinder, the side A D the 
convex surface, and AB, D C the circular bases. 




I 

I 

\ 

! 







13* The Axis of a cylinder is the straight line joining the 
centres of the two bases ; or it is the fixed side of the rectangle 
whose revolution describes the cylinder ; as 5 (7. 



THEOEEM I. 

14i The convfx $urface of a right prigm U equal to the ptrime- 
Itr of its base multiplied bff its altitude. 

Let ^ZT be a right prism; its convex surface 
b equal to FG-\-GH-\- MI-\- IK+KF 
multiplied by its altitude A F. 

For the oonvex surface is equal to the sum 
of the rectangles A 6, BH,CI, &e. The area 
of the rectangle ^ G = ^<? X ^ ^ ; the area 
of BH=GUXBG; of CI=UIXCH; 
and BO on. But the edges AF,BG)C U, Ac. 
are equal to each other and to the altitude of the prism ; and 
the baaes of these rectangles tc^ther form the perimeter of the 
prism. Therefore the sum of these rectangles, that is, the cod< 
rei surface of the right prism, is equal to the perimeter of its 
base multiplied by its altitude. 

15, CoroUarif. As a cylinder is a right prism 
(12), this demonstration inctudos the cylinder. If, 
then, R = the radius of the base, and A = the alti- 
tude of a eylinderj the convex surfaces 2 vA^. 



THEOREM II. 



t of a prism, made by parallel plan 



16. Tluti 

polygons. 

Let the prism AH he intersected by the par- 
allel planes LN and QS; then LN and QS 
arc equal polygons. For L M, M N, NO, itc. 
are respectively parallel to Q E, RS, ST, &c. 
(IV. 9), and similarly situated ; therefore the 
angles L, M, N, 0, P are respectively equal to 
the angles Q, R, S, T, U (IV. 11); and the 
polygons LN and QS are mutually equiangu- 
lar. Also the sides LM, MN, NO, 4c. are 
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respectively equal to QH, US, ST, &c. (I. 62). Therefore 
the polygons, being mutually equiangular and equilateral, are 
equal (11. 6). 

17* Cor, 1. A section made by a plane parallel to the base 
is equal to the base. 

18» Cor, 2, A section of a cylinder made by a plane paral- 
lel to the base is a circle equal to the ba^. 



THEOREM III. 

19* Prisma having equivalent bases and equal altittuies are 
equivalent. 

Let A C and FII be two prisms 
having equal altitudes and their 
bases BC, GH equivalent; the 
prisms are equivalent. 

Let D E and I K he sections 
made by planes respectively par- 
allel to the bases BC and GH) 
those sections are respectively 
equal to the bases (17); there- B[ 
fore the section DE i& equivalent 
to IK, at whatever distance from 

the base either may be. If, therefore, the planes of these sec- 
tions move, remaining always parallel to the bases, as the sec- 
tions will always be equivalent, it is evident that in moving 
over an equal length of altitude the sections will move over 
equal volumes ; therefore, as the altitudes are equal, the prisms 
are equivalent. 

20* Corollary, Any prism is therefore equivalent to a right 
prism having an equivalent base and an equal altitude. 
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THEOKEM IV. 

' 21* The volume of a right parallelqpiped is equal to ilie prod- 
uct of its three dimensions. 

Let ABhe the right parallelopiped ; then its volume is e^ual 
\joBCXBEXBA. Suppose ^/; the . ' . 

linear unit, is contained in BC four times, 
in BE five times, and in BA seven times ; -^-^ 
then dividing BCy BE, BA respectively 
into four, five, and seven equal parts, and 
passing planes through the several points 
of division parallel to the sides of the par- 
allelopiped, there will be formed a nmnber 
of cubes equal to each other (19), and 
each equal to the cube whose edge is the linear unit. It is evi- 
dent also that the whole number of cubes is equal to the prod- 
uct of the three dimensions, or 4 X ^ X 7 :r=140. This dem- 
onstration is applicable, whatever the number of units in the 
linear dimensions may be. Therefore the volume of a right 
parallelopiped is equal to the product of its three dimensions. 

22* Scholium, If the three dimensions are incommensur- 
able, the linear unit can be taken infinitely small, that is, so 
small that the remainder will be infinitesimal and can be neg- 
lected. 

23* Cor. 1. As the base is equal to BC yi B E^ the volume 
of a right parallelopiped is equal to the product of its base by 
its altitude: 

24. Cor. 2. The volume of a cube is equal to the cube of 
its edge. 
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THEOREM V. 

25* The volume of any prism is equal to tlie product of its hose 
by its altitude. 

For any prism is equivalent to a right parallelopiped, having 
an equivalent base and the same altitude (20) ; and the volume 
of the equivalent right parallelopiped is equal to the product of 
its base by its altitude ; therefore the volume of any prism is 
equal to the product of its base by its altitude. 

26t Corollary, As a cylinder is a right prism, this demon- 
stration includes the cylinder. If, therefore, H = the radius of 
base, A = the altitude, and V = the volume of a cylinder, 

r=7rR'A = l7rD^A 



THEOREM VI. 

27, Similar prisms are as the cubes of their 1u)mologous lines. 

Let AD and UH he similar 
prisms whose altitudes are IK and 
3/iV. Let V represent the vol- 
ume of A 2>, and v the volume of 
nil; then 

r : V = /Z» : MN'^—AC' : UG'' 

For (25) Y=CDX IK and 
v^=iGII X MN, therefore 

V:v=CDXlK:GffX MN 

But(IL 31) CD',GHz=zCO^ 

and (4) IK:MN=CO\ 

Multiplying the last two proportions together we have 

CD X IK: Gil X MN = C 0"" -, G P"" 
therefore (Pn. 11) V :v = G 0"" : G F" 

But in similar solids homologous lines have a constant ratio 
(4) ; therefore V \v {x& the cubes of any homologous lines. 
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PYRAMIDS AND CONES. 




DEFINITIONS. 

28. A Pyramid is a polyedron bounded by a polygon called 
the base, and by triangular planes meeting at a common point 
called the vertex. 

29» A pyramid is called triangular, quad- -4 

rangular, pentagonal, according as its base 
is a triangle, a quadrangle, or a pentagon ; 
and so on. 

SOt The Altitude of a pyramid is the 
pei^pendicular distance from its vertex to 
its base ; as ^ ^. 

31* A Bight Pynunid is one whose base 
is a regular polygon and in which the per- 
pendicular from the vertex passes through the centre of the base. 

32. The Slant Height of a right pyramid is the perpendicu- 
lar distance from the vertex to the base of any one of its lateral 
faces ) B& AG, 

33* A Cone is a right pyramid whose 
base is a regular polygon of an infinite 
number of sides, that is, whose base is a 
circle. A cone can be described by the rev- 
olution of a right triangle about one of its 
sides which remains fixed. The other side 
describes the circular base, and the hypoth- 
enuse the convex surface. Thus the right 
triangle ABC revolving about A B would 
describe the cone, B G the base, and the hypothenuse A C the 
convex surface. 

34 • The Axis of a cone is the line from the vertex to the 
centre of the base ; or it is the fixed side of the right triangle 
whose revolution describes the cone ; as ^ ^. 
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35* CoroUary. The axis of a cone is perpendicular to the 
base, and is therefore the altitude of the cone. 

36* A Fnuitiini of a pyramid is a part of ^/Caf^^'^. 
the pyramid included between the base and 
a plane cutting the pyramid parallel to the 
base ; Q& DK 

37* The Altitndfii of a frustum is the per- 
pendicular distance between the two parallel planes or bases ; 
&sFB. 

38« The Slant Height of a frustum of a right pyramid is 
the perpendicular distance between the parallel edges of the 
bases ; as GO, 




THEOREM VII. 

39« If d pyramid is cut by a plane parallel to its base, 
1st. The edges and altitude are divided proportioimlly ; 
2d. The section is a polygon similar to the base. 

Let A-BCDEF be a pyramid whose al- -4 

titude is A iT, cut by a plane G I parallel 
to the base ; then 

1st. The edges and the altitude are di- 
vided proportionally. 

For suppose a plane passed through the 
vertex A parallel to the base; then the 
edges and altitude, being cut by three 
parallel planes, are divided proportion- 
ally (IV. 12), and we have 

AB:AG = AC :AH=AD :AI=AN 

2d. The section ^/ is similar to the base BD. 

For the sides o£ G I are respectively parallel to the sides Of 
BD (IV. 9), and similarly situated ; therefore the polygons GI, 
BD are mutually equiangular. Also, as 6^ Z is parallel to ^i^, 
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and LK to FE, the triangles A B Fond AGLbtb similar, and 
the triangles A FE and ALK; therefore 

G L : B F= AL : A F,mA LK : F E = AL : AF 
Therefore GL :BF=LK -.FE 

In the same maimer we should find 

LK:FE=KI -.EDz^IH iDCkc. 
Therefore the polygons GI and BD are similar (II. 19). 

40i Corollary. A section of a cone made by a plane parallel 
to the base is a circle. 

THEOREM Tin. 

4Ii The convex mirfaet of a right pyramitl i* equal to the 

perimeter of its base multiplied by half its tlant heigU. 

LetJ—£C'5^^bo a right pyramid whose 
slant height iaAH; its convex surface is 
equal to BC-\-CD + DE-\-EF-i-FB 
multiplied by half of A H. 

The edges AB, AC, AD, AE,AF, be- 
ii^ equally distant from the perpendicular 
A N (II. 34), aTe equal (IV. 6) ; and the i 
baflcs BC, CD, D E, &c. are equal; there- D 

fore the iaoscolos triangles ABC, A CD, j.- ^ 

ABE, &c. are all equal (I. 48) ; and their 
altitudes are equal. The area of JBC is j5C X M-^(II- ll)i 
<i(ACDiaCDXiAff; and so on. Therefore the sum of the 
areas of these triangles, that is, the convex surface of the right 
pyramid, is {BC-\-CD + DE'\-EF+ FB) J A U. 

12. Corollary. As a cone ia a right pyramid (33), this dem- 
onstration includes the cone. If, therefore, R ^ the radius of 
the base, and S = the slant height of a cone, 

its convex surface = 2irB^S=irRS 

If a plane parallel to the base and bisecting the altitude bo 
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drawn, as the section will be a circle (40) with a radius and cir- 
cumference one half the radius and circumference of the base, 
therefore, if / = the radius of this section, 

the convex surface = 2 tt r' aS' 




THEOREM IX. 

43f The convex surface of a frustum of a rigid pyramid is 
equal to the sum of the perimeter of its two bases multiplied by 
half its slant height. 

Let G DhQ the frustum of a right pyra- 
mid ; its convex surface is equal to G H -^ 
HI^IK-^KL + LG + BC+CD 
'\-DE-{-EF'\- FB multiplied by half 
MK 

The lateral faces of a frustum of a right 
pyramid are equal trapezoids (39 ; II. G) ; 
and their altitudes are all equal. The area of GO (II. 14) is 
{GH-^-BG) X \MN) of HD is {HI + G D) X \MN', 
and so on. Therefore the sum of the areas of these trapezoids, 
that is, the convex surface of the frustum of , the right pyra- 
mid, is GH-{-UI-\-IK +/rZ4-Z(? J^BG '\'GD'\- 
BE^EFJ^FB multiplied by half UN, 

44* Got, 1. If the frustum is cut by a plane parallel to its 
two bases, and at equal distances from each base, this plane 
will bisect the edges GB, EG, ID, &c. (39) ; and the area of 
each trapezoid is equal to its altitude multiplied by the line 
joining the middle points of the sides which are not parallel 
(II. 15). Therefore the convex surface of a frustum of a right 
P3n:amid is equal to th^ perimeter of a section midway between 
the bases multiplied by its slant height. 

45* Gor, 2. As a cone is a right pyramid (33), this demon- 
stration includes the frustum of a. cone. If, therefore, R and 
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r = the radii of the two bases of the frustum of a right cone, 
and S = its slant height, 

its convex surface :=z(2irE-^2nr)^S=z(wJ^-\-irr)S 

If / = the radius of a section midway between and parallel 

to the bases, 

the convex surface = 2 tt r' >S' 



THEOREM X. 

48f If two pyramids having equal aUitvdes are cut by planes 

parallel to their bases and at equal distances from tlieir vertices^ the 

sections are to each other as tlmr bases, 

A G 

Let A-BCDJSF fmd 

G-HIK be two pyra- 
mids of equal altitudes 
AT, GW, cut by the 
planes LMNOP and 
QRS parallel respectively 
to the bases and at equal 
distances from the vertices 
A and G, then 

LMNOP :QRS = BCDEF: HIK 

For as the polygons LMNOP and BCDEF are similar (39) 

LMNOP : B CDEF = Lp : BF^ = AV : H^ = 1?^ : AT^ 
In like manner 

QRS\ HIK= G^ :GW^ 
But as Ar= GY and A T=GW 

thpi*cfoi*6 

LMNOP : B CD EF= QRS : EIK 

or (Pn. 15) 

LMNOP '.QRS=BCDEF: HIK 

47. Corollary, If two pyramids have equal altitudes and 
equivalent bases, sections made by planes parallel to their bases 
and at equal distances from their vertices are equivalent. 
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THEOREM XI. 

48 • Pyramids hiving equivalefU hoses and the same altitude 
are equivalent. 

Let A-B CD HF and 
G-UIK be pyramids 
having equivalent bases 
and equal altitudes ; then 
the two pyramids are 
equivalent. 

For, if at equal dis- 
tances from the vertex 
sections are formed by 
planes parallel respective- 
ly to their bases, these sections are equivalent (47). If now the 
planes forming these sections be supposed to move, remaining 
always parallel to the bases, and each keeping the same distance 
from the vertex as the other, these sections, always being equiv- 
alent to each other, will move over equal volumes ; therefore, as 
the altitudes are equal, the pyramids must be equivalent. 




THEOREM XII. 

49» A triangvlar pyramid is one third of a triangular prism 
of the same base and altitude. 

Let C-D E FhQ a triangular pyramid and 
ABC-D E F be a triangular prism on the 
same base D E F -, then C-D E F is one 
ihxrdof A BG-DEF. 

Taking away the pyramid C-D E F there 
remains the quadrangular pyramid whose ver- 
tex is G and base the parallelogram ABED, 
Through the points A, Gy E pass a plane ; it 
will divide the pyramid G-ABE D into two triangular pyra- 
mids, which are equivalent to each other (48), since their bases 
are halves of the parallelogram ABED^ and they have the 
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same altitude, the perpendicular from their vertex C to the 
base ABED, But the pyramid C~A B E, that is, E-A B C, 
is equivalent to the pyramid C-DEFy as they have equal 
bases ABC and D E F, and the same altitude (48). Therefore 
the three pyramids are equivalent and the given pyramid is one 
third of the prism. 

50* Corollary, Tlie volxmie of a triangular pyramid is equal 
to one third the product of its base by its altitude. 




THEOREM XIII. 

51* The volume of any pyramid is equal to one third of the 
product of its base by its altitude. 

Let A-BCDE F be any pyramid; its 
volume is equal to one third the product of 
its base BCDEFhjii^ altitude A K 

Planes passing through, the vertex A and 
the diagonals of the base B By B E^ will 
divide the pyramid into triangular pyramids 
whose bases together compose the base of B^ 
the given pyramid and which have as their 
common altitude A iV, the altitude of the 
given pyramid. The volume of the given 
pyramid is equal to the sum of the volumes of the several tri- 
angular pyramids, which is equal to one third of the sum of 
their bases multiplied by their common altitude; that is, is 
equal to one third of the product of the base B CBFEhy the 
altitude A iV. 

52* Cor, 1. As a cone is a right pyramid (33), this demon- 
stration includes the cone. A cone, therefore, is one third of a 
cylinder, or of any pyramid, of equivalent base and the same 
altitude. If ^ = radius of the base, A = the altitude, and 
V= the volume of a cone, V= ^tt JR^A, 

S3i Cor, 2, The ratio of similar pyramids to one another is 
the same as that of similar prisms ; that is, as the cubes of 
homologous lines. 
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THE SPHERE. 

DEFDOTIONS. 

51* A Sphere is a solid bounded by a curved surface, of 
which every point is equally distant from a point within called 
the centre, A sphere can be described by the revolution of a 
semicircle about its diameter, which remains fixed. 

55* The Badins of a sphere is the straight line from the cen- 
tre to any point of the surface. 

56* The> Diameter of a sphere is a straight line passing 
through the centre and terminating at either end at the surface. 

57* C(yroUary. All the radii of a sphere are equal ; all the 
diameters are equal, and each is double the radius. 

THEOREM XIV. 
58* Every section of a sphere made by a plane is a circle. 

Let ABB be a section made by a 
plane cutting the sphere whose centre is /^/b' ^\. 
C\ then is -4 -62) a circle. "^/^ 

Draw (7^ perpendicular to the plane, / .. 

and to the points A, i>, F^ where the \^— 

plane cuts the surface of the sphere, \ \ j / 

draw CA, CD, C F, As C A, CD, \A I \y 

C F are radii of the sphere they are 

equal, and are therefore equally distant from the foot of the 

perpendicular CE (IV. 7). Therefore E A, ED, EF are 

equal, and the section ABD is a circle whose centre is E. 

59* Corollary, If the section passes through the centre of 
the sphere, its radius will be the radius of the sphere. 

60* Definition. A section made by a plane passing through 
the centre of a sphere is called a great circle. A section made 
by a plane not passing through the centre is called a small circle. 
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61* The surface of a sphere is equal to the prodiict of its diam- 
eter hy the circumference of a great circle. 

Let ABCDEF be the semicircle by whose ^ 
revolution about the diameter A Fy the sphere j^ 
may be described ; then the surface of the j 
sphere is equal to the diameter A F multi- j 
plied by the circumference of the circle whose c 
radius is 6^^, or = -4 ^ X circ. GA. 

Let ABCDFFheo. regular semi-decagon 
inscribed in the semicircle. Draw G per- ^ 
pendicular to one of its sides, as B C» ^ 

Draw B K, OP, C L, D M, EN perpendicular to the diame- 
ter A F, and B H perpendicular to G L. The surface described 
by 5 (7 is the convex surface of the frustum of a cone, and is 
equal to BG X circ. PC (45). But the triangles BG H and 
POG are similar (IL 21); therefore 

BG :BHovKL = GO :P0 

or (in. 28) BG :KL = circ. G : circ. P 

,\ BGX circ. PO=z KL X circ. G 

That is, the surface described by ^ (7 is equal to the altitude 
KL multiplied by circ. GO, or the radius of the circle in- 
scribed in the polygon. In like manner it can be proved 
that the surfaces described by AB, G D, D E, and EF are 
respectively equal to their altitudes A K, LM, M N^ and N F 
multiplied by circ. G 0. Therefore the entire surface described 
by the semi-polygon will be equal to 

(AK'\-KL+LM'\-MN+NF)dirc, GO = AFX circ, GO 

This demonstration is true, whatever the number of sides of 
the semi-polj'gon ; it is true, therefore, if the number of sides 
is infinite, in which case the semi-polygon would coincide with 
the semicircle ; and the surface described by the semi-polygon 
would be the surface of the sphere, and the radius of the in- m 
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scribed polygon would be the radius of the sphere. Therefore 
we have the surface of the sphere equal to 

AFXcircGA 

62* Corollary, Let S = the surface of the sphere, = the 
circumference, E = the radius, J) = the diameter, then we 
have (III. 30) C = 2irli, or nB 

Therefore jS=2nB X 2^ = 4iri?^, omB^ 

That is, the surface of a sphere is equal to the square of its diame- 
ter multiplied by 3.14159. 

THEOREM XVI. 

« 

63* The volume of a sphere is the product of its surface hy one 
third of its radium, 

A sphere may be conceived to be composed of an infinite num- 
ber of pyramids whose vertices are at the centre of the sphere, 
and whose bases, being infinitely small planes, coincide with the 
surface of the sphere. The altitude of each of these pyramids 
is the radius of the sphere, and the sum of the surfaces of their 
bases is the surface of the sphere. The volume of each pyra- 
mid is the product of the area of its base by one third of its 
altitude, that is, of the radius of the sphere (51) ; and the vol- 
ume of all the pyramids, that is, of the sphere, is, therefore, 
the product of the surface of the sphere by one third of its 
radius. 

64* Cor, 1. Let F= the volume of the sphere, and R^ D, 
and S the same as in (62). Then, as (62) 

F=47ri^2xJ^ = J7^^^orJ1rZ>' 
That is, the volume of a sphere is the cube of the diameter muUi- 
plied by .5235, 

65* Cor, 2. As in these equations J ir and \ n are constant, 
the volumes of spheres vary as the cubes of their radii, or as the 
cubes of their diameters. 
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PRACTICAL QUESTIONS. 

1. How many square feet in the convex surface of a right prism whose 
altitude is 2 feet, and whose base is a regular hexagon of which each side 
is 8 inches long ? How many square feet in the whole surface ? 

2. The radius of the base of a cylinder is 6 inches, and its altitude 3 
feet ; how many square feet in the whole surface ? 

3. What is the number of feet in the bounding planes of a cube whose 
edge is 5 feet ? The number of solid feet in the cube ? 

4. What is the number of feet in the bounding planes of a right par- 
allelopiped whose three dimensions are 4, 7, and 9 feet ? The number of 
cubic feet in the parallelopiped ? 

5. What is the number of cubic feet in the right prism whose dimen- 
sions are given in the first example ? 

6. What is the number of cubic feet in the cylinder whose dimensions 
are given iu the second example ? 

7. The altitude of a prism is 9 feet and the perimeter of the base 6 feet. 
What is the altitude and perimeter of the base of a similar prism one third 
as great ? 

8. What is the ratio of the volumes of two cylinders whose altitudes are 
as3 : 6? 

9. How many square feet in the convex surface of a right pyramid whose 
slant height is 3 feet, and whose base is a regular octagon of which each 
side is 2 feet long ? 

10. How many square feet in the convex surface of a cone whose slant 
height is 5 feet and whose base has a radius of 2 feet ? How many square 
feet in the whole surface ? 

11. How many cubic feet in a right quadrangular pyramid whose alti- 
tude is 10 feet, and whose base is 3 feet square ? 

12. How many cubic feet in the cone whose dimensions are given in the 
tenth example ? 

13. The slant height of a frustum of a right pjn^mid is 6 feet, and the 
perimeters of the two bases are 18 feet and 12 feet respectively ; what is 
the convex surface of the frustum ? 

14. What would be the slant height of the pyramid whose frustum is 
given in the preceding example ? 

15. What is the whole surface of a fnistum of a cone whose altitude is 
8 feet, and of whose bases the radii are 11 feet and 5 feet respectively ? 
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IG. The altitude of a pyramid is 25 feet, and its base is a rectangle 8 
feet by 6 ; how many cubic feet in the pyramid ? 

17. The altitude of a cone is 20 feet, and the radius of its base 5 feet ; 
how many cubic feet in the cone ? 

18. How many cubic feet in a frustum of the cone given in the preced- 
ing example, cut off by a plane 5 feet from the base ? 

19. How far from the base must a cone whose altitude is 12 feet be cut 
off so that the frustum shall be equivalent to one half of the cone ? 

20. How many square feet in the surface of a sphere whose radius is 6 
feet ? 

21. How many cubic feet in a sphere whose radius is 8 feet ? 

22. What is the ratio of the volumes of two spheres whose radii are 

as4 :8? 

23. Are spheres always similar solids ? Are cones ? 

24. What is the least number of planes that can enclose a space ? 

EXERCISES. 

u The convex surfaces of prisms or pyramids of equal altitudes 
are as the perimeters of their bases. (14.) 

67 • The opposite faces of a parallelopiped are equal and paralleL 

68t The four diagonals of a parallelopiped bisect each other. 

69i A plane passing through the opposite edges of a parallelopiped 
bisects the parallelopiped. 

70« In a right parallelopiped the diagonals are equal; and the 
square of each is equal to the sum of the squares of the three 
dimensions. 

71 • In a cube the square of a diagonal is three times the square 
of an edge. 

72 • Prisms are to each other as the products of their bases by 
their altitudes. (25.) 

73i Prisms with equivalent bases are as their altitudes; with 
equal altitudes, as their bases. (72.) 
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74 • Polygons formed by parallel planes cutting a pyramid are as 
the squares of their distances from the vertex. (39 ; II. 31.) 

75 • Pyramids are to each other as the products of their bases by 
their altitudes. (51.) 

76* Pyramids with equivalent bases are as their altitudes ; with 
equal altitudes, as their bases. (75.) 

77i How can Theorem VIII. be proved from Theorem IX. ? 

78t If a pyramid is cut by a plane parallel to its base, the pyra- 
mid cut off will be similar to the whole pyramid. (39 ; 4). 

79* In a sphere great circles bisect each other. 

80» A great circle bisects a sphere. (54.) 

81 • The centre of a small circle is in the perpendicular from the 
centre of the sphere to the small circle. 

82t Small circles equally distant from the centre of a sphere are 
equal. 

83fl The intersection of the surfaces of two spheres is the circum- 
ference of a circle. 

84* The arc of a great circle can be made to pass through any 
two points on the surface of a sphere. (IV. 4.) 

85* Definition. A plane is tangent to a sphere when it touches 
but does not cut the sphere. 

86* Prove that the radius of a sphere to the point of tangency of 
a plane is perpendicular to the plane. (IV. 8.) 

o7* As the semi-decagon revolves about A F, j^^.l-^^^^ 
what kind of a solid is described by the triangle p 
A-BK? What by the trapezoid ^(7? By ZZ>? j^ 

88* The surface described by the line ^ ^ =» ^ 

AKX circ. GO. ^ 

Draw from G a perpendicular to A B^ and from 

the point where it meets -4 i^ a perpendicular to ^7. 

AK (42.) F 

89i The surface described by the line C D '^ LMY, circ. GO. 
(15.) 
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90* Definition. The surfaces described by the arcs AB, DC, CD, 
&c. are called zones, 

91 fl The area of a zone Is equal to the product of its altitude by 
the circumference of a great circle. 

92c Zones on the same or equal spheres are as their altitudes. 

93* The surface of a sphere is four times the surface of one of ita 
great circles. (62; III. 32.) 

91 fl Definition, A polyedron is circumscribed about a sphere 
when its faces are each tangents to the sphere. In this case the 
sphere is inscribed in the polyedron. 

95* The surface of a sphere is equal to the convex surface of the 
circumscribed cylinder. (62 ; 15.) 

96fl Definition, A Spherical Sector is the solid described by any 
sector of a semicircle as Uie semicircle revolves about its diameter. 

97* The volume of a spherical sector is equal to the product of the 
surface of the zone forming its base by one third of the radius of the 
sphere of which it is a part. 

98fl A Spherical Segment is a part of a sphere included by two 
parallel planes cutting or touching tlie sphere. When one plane 
touches and one cuts the sphere, the spherical segment is called a 
spherical segment of one hose ; when both cut, a spherical seffment of 
two ha^es. 



Ifl How can the volume of a spherical segment of one base be 
found ? A spherical segment of two bases ? 

lOOfl A sphere is two thirds of the circumscribed cylinder. 

lOlfl A cone, hemisphere, and cylinder having equal bases and the 
same altitude are as the numbers 1, 2, 3. 
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PEOBLEMS OF CONSTEUCTIOK 

In the preceding demonstrations wo have assumed that our 
figures were akeady constructed. The Problems of Construc- 
tion given in this Book depend for their solution upon the prin- 
ciples of the preceding Books. In some of the problems the 
construction and demonstration are given in full ; in others the 
construction is given and the propositions necessary to prove 
the construction referred to in the order in which they are to 
be used, and the pupil must complete the demonstration. In a 
few instances references are made to the Exercises appended to 
the previous Books. In such cases either the propositions to 
which reference is made can be demonstrated or the problem 
omitted. 



PROBLEM 1. 

!• To bisect a given straightHine. 

Let ^ jB be the given straight line. From C' 

A and £ as centres with a radius greater --^f- 

than half of A B, describe arcs cutting one j 

another at and D ; join C and D cutting \j^ 

AB at Uy and the line AB is bisected at JS, 
For C and I) being each equally distant from 
A and B, the line CD must be perpendicu- 
lar to AB a.t its middle point (converse of Z> 
I. 53). 



A r^ B 






i 



90 



PLANE GEOMETKY. 



PROBLEM IL 



2i Front a given point without a straight line to draw a per- 
pendicular to tJtat line. 



Let C be the point and A B the line. 

From (7 as a centre describe an arc 
cutting AB m two points E and F] with 
E and F as centres, with a radius greater A >>..; 
tlian half ^-F, describe arcs intersecting 
at D, Draw (72), and it is the perpen- 
dicular required (converse of I. 53). 



1^^ 



PROBLEM IIL 

3« From a given point in a straight line to erect a perpendicu- 
lar to that line. 



F 



D 



C 



-)-B 



E 



Let C be the given point and A B the 
given line. 

With (7 as a centre describe an arc 
cutting ABmD and E ; w ith D and E 
as centres, with a radius greater than A-^^ 
D Gy describe arcs intersecting at F. 
Draw C Fy and it is the perpendicular required (converse of 
I. 53). 

Second Method, With C as a centre de- ./^ 

scribe an arc BEF\ take the. distances 
DE and EF equal to (72), and from E 
and F as centres, w^ith a radius greater 
than half the distance from E to F^ de- 
scribe arcs intersecting at G, Draw GGy D C 

and it is the perpendicular required (III. 33; IIL 16; IIL 15) 



E.'- 



/, 



B 
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Third Method, With any point, 2>, 
without the line A B, with a radius equal 
to the distance from D to (7, describe an 
arc cutting AB 2d.F1 draw the diameter 
ED F, Draw C F, and it is the perpen- 
dicular required (III. 23). 




PROBLEM IV. 



4» To bisect a given arc, or angle, 

1st. Let AB he the given arc. Draw the 
chord A B and bisect it with a perpendicu- 
lar (1 3 III. 16). 

2d. Let C be the given angle. 

With C as a centre describe an arc cutting 
the sides of the angle in A and B ; bisect the 
arc A B with the line C D^ and it will also bi- 
sect the angle C (III. 11). 




PROBLEM V. 



5« At a given point in a straight line to make an angle equal 
to a given angle. 

Let A be the given point in the line 
A Bj and C the given angle. With 
as a centre describe an arc I) E cut- 
ting the sides of the angle (7; with 
^ as a centre, with the same radius, 
describe an arc; with i^ as a centre, 
with a radius equal to the distance from 
D to E, describe an arc cutting the 
arc FG, Draw A G. The angle A = C (IIL 12; IIL 11). 
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PROBLEM VL 



6* Through a given, point to draw a line parallel to a given 
straight line. 



Let C be the given point, and A B 
the given line. From C draw a line 
CD to AB', at (7 in the line DC 
make an angle D C E equal to C D A 
(5) ; CE is paraUel to ^ ^ (I. 18). 




PROBLEM VII. 



7i Two angles of a triangle given, to find the third. 



Draw an indefinite line AB; at 
any point C make an angle AC D 
equal to one of the given angles, and 
DCE equal to the other (5). Then 
EC B'm the third angle (I. 7 ; I. 33). 




PROBLEM VIII. 

8« The three sides of a triangle given, to construct the triangle. 

Take A B equal to one of the given sides ; 
with ^ as a centre, with a radius equal to 
another of the given sides, describe an arc, 
and with jS as a centre, with a radius equal 
to the remaining side, describe an arc inter- 
secting the first arc at C, Draw A C and C B^ and ACB is 
evidently the triangle required. 
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PROBLEM IX. 

9fl Two sides wnd the included angle of a triangle given, to 
construct the triangle. 

Draw A B equal to one of the given sides \ C 

at B make the angle ^-5(7 equal to the given 
angle (5), and take BC equal to the other 
given side ; join A and (7, and ABC is evi- 
dently the triangle required. 




PROBLEM X. 

10* Tv}0 angles and a side of a triangle given, to construct 
the triangle. 

If the angles given are not both adja- 
cent to the given side, find the third angle 
by (7). Then draw A B equal to the given 
side, and at B make an angle ABC equal 
to one of the angles adjacent to A B, and 
at A make an angle B AC equal to the other angle adjacent to 
A Bf and ABC m evidently the triangle required. 




PROBLEM XI. 

11 • Two sides of a triangle and the angle opposite one of them 
given, to construct the triangle. 

Draw an indefinite line AC ; si A 
make the angle CAB equal to the 
given angle, and take A B equal to the 
side adjacent to the given angle ; with 
^ as a centre, with a radius equal to the other given side, de- 
scribe an arc cutting A C, If the given angle A is acute. 
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Ist. The given side BC^ opposite the given angle, may be 
less than the other given side \ then ^ 

the arc described from ^ as a centre ^.^-"^^x^' \ 

will cut AC m two points, C and i), ^^^ \^ \ \ y 
on the same side of Ay and, drawing ^"^.^-'' 

BG and BD, the triangles ABC and ABD (whose angle BDA 
is the supplement of the angle BCA), both satisfy the given 
conditions. 

2d. The given side opposite the given angle may be eqnal to 
the perpendicular BU ; then the arc described from j^ as a 
centre will touch A C, and the right triangle ABEva the only 
one that can satisfy the given conditions. 

3d. The side opposite the given angle may be greater than 
the other given side ; then the arc described from ^ as a centre 
b^ (^ will cut A'Mm. (7, and in another point on the oth'er side of A, 
In this case there can be bnt one triangle ABC satisfying the 
given conditions, the triangle formed on the opposite side of 
A B containing not the given angle but its supplement. 

4th. If the given angle is obtuse, the given side opposite the 
given angle must be greater than the other given side, and as 
in the last case above there can be but one solution. 

12* Scholium, If the side opposite the given angle A is 
less than the perpendicular,' or if the given angle is right or ob- 
tuse, and at the same time the side opposite the given angle is 
less than the other given side, the solution is impossible. 

13i Corollary, From this and the preceding Problem and 
Theorems VIII., IX., and XIV. of Book I., it follows that with 
the exception of the ambiguity pointed out in the first part of 
this Problem, two triangles are equal if any three parts, of which 
one is a side, of the one are equal to the corresponding parts of 
the other. 
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PROBLEM XII. 

lit To find the centre of a given circumference or of a given 
arc. 

Let ABDhQ the given circumference, 
or arc. 

Draw any two chords not parallel to 
each other, d^ AB, B D, and bisect these 
chords by the perpendiculars G E and 
CF, These perpendiculars will intersect 
at the centre of the circumference or 
arc (III. 17). 

15 fl Scholium. By the same construction a circumference 
may be made to pass through any three given points ; or a cir- 
cle circumscribed about a given triangle. 




PROBLEM XIII. 
16* To hucrihe a circle in a given triangle. 

Let AB Cho the given triangle. 

Bisect any two of its angles. With the point i), where the 
two bisecting lines meet, as a centre, with a ^ 

radius equal to the distance of D from any 
one of the sides, describe a circle, and it will 
be the circle required. 

Draw the perpendicular BE, BF, BG. 
The angles at A are equal by construction, 
and the angles AEB and A FB are each 
right angles ; therefore the triangles ABE q^ 
and A F B are equiangular (I. 35), and the 
side A B m common ; therefore the triangles are equal (I. 41), 
and BEz=zBF. In like manner B E = BG. Therefore the 
circle described from /> as a centre with the radius B E will 
pass through the points F and G ; and since the angles at 
E, Fy G are right angles, the. sides of the triangle ABC are 
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tangents; therefore the circle EFG i^ inscribed in the tri- 
angle ABC (III. 20). 

17» Scholium, The lines bisecting the angles of a triangle 
all meet in the same point. 

PROBLEM XIV. 

18t Through a given point to draw a tangent to a given cir- 
cumference. ^ ^ 

Ist. If the given point is in the circumference. 

Erect a perpendicular to the radius at the given point (3). 

2d. If the given point is without 
the circumference. 

Join the given point A with the 
centre C of the given circle BB E \ 
on -4 (7 as a diameter describe a cir- 
cle cutting the given circle in B and 
D, Draw A B and A D, and each will be tangent to the given 
circle through the given point. For drawing the radii CB^ CD, 
the angles i?, D are each right angles (III. 23) ; therefore A B, 
A D are tangents to the given circle. 

19« Corollary. The tangents AB, AD are equal (I. 50). 




PROBLEM XV. 

20» Upon a given straight line to describe a segment of a circle 
which shall contain a given angle. 

Let ^ J5 be the given straight line. 

At B make the angle A BD equal to 
the given angle (5). Draw B C perpen- 
dicular to DB; bisect AB in ^, and 
from B draw B C perpendicular to A B, 
From G, the point of intersection of 
BC and EC, with a radius equal to 
C B, describe a circle AGBF; B FA is the segment required. 
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Ab BD iH perpendicular to the radius CB at ^, it is a tan- 
gent to the circle^ and hdhee the angle ABD v& measured by 
half the arc Jl ^^ (III. 54) ; and any angle B FA inscribed in 
the segment BFA is also measured by half the arc AGB 
(III. 21), and is therefore equal to the angle ABD or the given 
angle. 

21* Corollary, If the given angle is a right angle, the re- 
quired segment would be a semicircle described on the given 
line as a diameter. 



PROBLEM XVI. 
22* To divide a given line into parts proportional to given lines. 

Let it be required to divide A 
AB into parts proportional 
to if, N, 0. 

Draw at any angle with 
AB 2Ji indefinite line A C, 
From A cut oS AD, D JE, EF equal respectively to if, N, 0. 
Join ^ to i^, and through D and E draw lines parallel to BF, 
These parallels divide the line as required (11. 16). 

23. CwoUary, By taking M^ N^ O equal, the given line can 
be divided into equal parts. 




PROBLEM XVII. 



24* To find a fimrtk proportiondl to three given lines. 




^ NO 
F 



Let it be required to find 
a fourth proportional to M, 
N,0. 

Draw at any angle with 
each other the indefinite 
lines AF, AG. From AF cut off ABz=zM, BC=N, and 
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from A G cut off ^ 2> = 0. . Join BD and through C draw 
CE parallel to BD', then DE i^the required fourth pro- 
portional (II. 16). 

25* Corollary. By taking AB equal to Jf, and AD and 
B C each equal to iT^ a third proportional can be found to M 

and N. 

PROBLEM XVIII. 
26* To find a mean proportumal hettoeen two giikn lines. 

Let it be required to find a mean MN 
proportional between M aild N, 

From an indefinite line cut off 
AB=iM,BC=iN',onAO B&9i 
diameter describe a semicircle, and 
at B draw B D perpendicular to ^ C7. ^ D is the mean' propor- 
tional required. Join AD, DC. (III. 23 ; IL 26.) 

27* Definition, When a line is divided so that one segment 
is a mean proportional between the whole line and the other 
segment, it is said to be divided in extreme and mean ratio. 




PROBLEM XIX. 
28* To divide a given line in extreme amd mean ratio. 

Let it be required to divide AB in extreme and mean ratio. 

At B draw the perpendicular 
BC = i AB; join A C; cut off 
C D =z CB, AE= AD, &nd A B is 
divided at E in extreme and mean 
ratio. 

For, describe a circle with the cen- 
tre C and radius CB and produce AC to meet the circumfer- 
ence in F; then AFjba secant and AB 9k tangent of the circle 
D FBy and therefore (IIL 64) 
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AF\AB=iAB\AB 

and (Pn. 18) 

AF—AB\AB^ 
But AB-z 

therefore AF — ABz^ 

and the proportion becomes 

AE\AB^ 
or(Pn.l6) ABxAEz^ 



AB~AD\AB 

2GB = LF 

AF — LF=ADz=AE 

EB :AE 
AEiEB 



PROBLEM XX?. 

29* Through a given pamt in a given (m^e to draw a line so 
HuU the segments ir^dtided between the point and the sides of the 
angle may he in a given ratio. 




MN 



^ 



Let it be required to draw through 
the point 2> within the angle B a line 
80 that AB :DC=zM:K 

Draw BE parallel to AB. 

Find EC a, fourth proportional to 
M, JV, and BE (24); join O to B, 
and produce CB to A, and AC in the line required (11. 16). 



PBOBLEM XXI. 

M» The base, an adjacent angle, and the <dUtvde of a triangle 
given, to construct the triangle. 

At A of the base A B draw an indefi- 
nite Ime A C making the angle A equal 
to the given angle; at any point in AB, 
as 2), draw the perpendictilar BE equal ^ T> B 

to the given altitude ; through E draw EF parallel to AB cut- 
ting AC vaGy join G B, and ii ^ ^ is the triangle required. 
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PROBLEM XXIL 

Sl« To eontimct a paraUdogramy luwing the sum of its hose 
and altitude given^ which shall he equivalent to a given square. 

On A By the given sum, as a diame- 
ter, describe a semicircumference. At 
any point, as ^, in ^1 ^ draw the perpen- 
dicular B C equal to a side of the given A 
square ; through G draw CD parallel to 
A By cutting the circumference in D ; draw D E perpendicular 
to AB. AEy EB are one the base and the other the altitude 
of the parallelogram required (26). 

32* Scholium. If the side of the square is greater than 
half the sum of the base and altitude, the construction is im- 
possible. 




PROBLEM XXIII. 

To construct a paralldogram having the difference hettoeen 
its hose and altitude given, which shall be equivalent to a given 
square. 

OnAB the given difference, as a diameter, 
describe a semicircumference. At A draw 
the perpendicular A D equal to a side of the 
given square ; join D with the centre C7, and 
produce DC to E. D Fy DE are one the a 
base and the other the altitude of the paral- 
lelogram required (III. 64). 




PROBLEM XXIV. 

S4t To construct a square equivalent to a given paralldogram. 

Find a mean proportional between the altitude and base of 
the given parallelogram (26), and it will be a side of the re- 
quired square. 
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PROBLEM XXV. 

S5« To construct a square equivalent to a given triangle. 

Find a mean proportional between the base and half the 
altitude (26), and it will be a side of the required square. 



PROBLEM XXVI. 

• To construct a square equivalent to a given circle. 

Find a mean proportional between the radius and the semi- 
circumference, and it will be a side of the required square. 



PROBLEM XXVII. 

S7t To construct a square equivalent to the sum of two given 
squares. 

Construct a right triangle (9) with the sides adjacent to the 
right angle equal respectively to the sides of the given squares ; 
the hypothenuse will be a side of the required square (II. 27). 

88* Scholium. By continuing the same process we can find 
a square equivalent to the sum of any number of given squares. 



PROBLEM XXVIII. 

!• To construct a square equivalent to the difference of two 
given squares. 

Construct aright triangle (11), taking as tfie hypothenuse a 
side of the greater square, and for one of the sides adjacent to 
the right angle a side of the other square ; the third side of 
the triangle will be a side of the required square (II. 28). 
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PROBLEM ZXIX. 
40* To construct a triangle equivalent to a given poison. 

Let AD he the polygon. b 

Draw BD cutting off the triangle 
BCD, through C draw CF paraUel ^ 
to BD', join BF^ and a polygon 
ABFF m formed with one side less 
than the given polygon and equiva- 
lent to it. For the triangles BCD and BFD, hating the 
same base BD, and the same altitude, are equivalent; adding 
to each the common part AB D E, we have ABODE equiv- 
alent to A BFE, In like manner a polygon with one side 
less can be found equivalent to AB FE^ and by continuing the 
process the sides may be reduced to three, and a triangle ob- 
tained equivalent to the given polygon. 

41* SckoUum. Since by (3d) a square can be found e^va- 
lent to a given triangle, by (40) and (35) a square can be/found 
equivalent to any polygon. 



PROBLEM XXX. 

42* On a given line to construct a polygon similar to a given 
polygon. 

Let AD he the given poly- " ^ 

gon and ML the given line. 

Draw the diagonals AE^ 
AD, AO. At M and L 
make the angles GML and F E 

GLM equal respectively to A FE and AEF, and a triangle 
GLM will be formed similar to AEF. In like manner on 
GL construct a triangle similar to AD E; on GK one similar 
to AOD ; on GI one similar to ABO ; and the polygons A D, 
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KG, being composed of the same number of similar triangles 
similarly situated^ are similar (XL 75). 



PROBLEM XXXI. 

43* Two similar polygons being given, to construct a similar 
polygon equivalent to their sum, or to their difference. 

Find a line whose square shall be equiviEilent to the sum (37), 
or to the difference (39), of the squares of any two homologous 
sides of the given polygons, and this will be the homologous 
side of the required polygon (II. 31). On this line construct 
(42) a polygon similar to the given polygons. 




PROBLEM XXXII. 

44* To construct a square which shall be to a given square in a 
given ratio. 

On any line ^ (7, as a diameter, 
describe a semicircumference ABC ; 
divide the line A at the point D 
so that J[ 2> : i>(7 in the given ra- 
tio. Perpendicular to AC draw J)B G 

meeting the circumference at B ; join B A, B C, and on B (7, 
produced if necessary, take BF = a side of the given square. 
Through F draw FF parallel to AC, meeting BA in F, and 
^J^ is a side of the required square. 

For as ^ is a right angle (III. 23), we have (IL 72) 

BF^:Br' = FG:GF 

But as J^i^ is parallel to A C, we have (IL 47) . 

FG:GF=AD:DC 
therefore (Pn. 11) 

BF^:BF^ = AJ) :DC j 
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PROBLEM XXXIIL 

45 • To inscribe a square in a given circle. 

Draw two diameters AC, BD 2X right 
angles to each other, and join A By 
BC, CDyDA\ ^-&C72> is the required 
square (III. 23 ; III. 12). 

46* CoroUary, By bisecting the arcs 
AB^ BCy CD, DA; and drawing the 
chords of these smaller arcs, a regular 
octagon will be inscribed in the circle. By continuing this 
bisection regular polygons can be inscribed having the number 
of their sides 16, 32, 64, and so on. 




PROBLEM XXXIV. 

47* To inscribe a regular hexagon in a given circle. 

Take A B equal to the radius of the 
given circle, and it will be a side of the 
hexagon required (III. 33). 

48* Corollary. By drawing A C, CD, 
DAbsx equilateral triangle will be de- 
scribed in the circle. By bisecting the 
arcs A By BC, &o., and continuing this 
besection as in (46), and drawing the chords of these smaller 
arcs, regular polygons can be inscribed having the number of 
their sides 12, 24, 48, 96, and so on. 




PROBLEM XXXV. 

49t To inscinbe a regular decagon in a given circle. 

Divide the radius ^J^ in extreme and mean ratio lit the point 
D (28), and take BC ^= ADy the greater segment, and it will 
be the side of the required decagon. 
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Draw AC, CD. The triangles ACB, 
LGB 9XQ similar (II. 23); for they have 
the angle B common, and by construction 

ABiAD — ADiDB 

but ADz=zBG 

therefore ABiBC — BO.BD B (J 

Therefore, m ACB is isosceles, DCB is also isosceles, and 
CJD ^=1 CB ; therefore also CD =z DA, and ^ C^2> is an isos- 
celes triangle, and the angle A =^ AC D. But the exterior 
angle BDC = A-\-ACD=:^ twice the angle A. Therefore, 
as B = BDC, B= twice the angle A. But B = ACB; 
therefore the sum of the three angles A, B, and A CB is equal 
to five tunes the angle A ; or the angle A is one fifth of two 
right angles, or one tenth of four right angles; therefore the 
arc BC is one tenth of the circumference, and the chord B O 
a side of a regular decagon inscribed in the circle. 

50* Corollary. By drawing chords joining the alternate 
angles a regular pentagon will be inscribed. By proceeding as 
in (46) regular polygons can be inscribed having the number of 
their sides 20, 40, 80, and so on. 



PROBLEM XXXVI. 

fit To inscribe a regular polygon of fifteen sides iii a given 
circle. 

Find by (47) the arc A C equal to a sixth 
of the circumference, and by (49) the arc 
A B equal to a tenth of the circumference, 
and the chord B C will be a side of the poly^ 
gon required. 

it. C(yrolUiry, Proceeding as in (46) regular polygons can 
be inscribed having the number of their sides 30, 60, and so on. 
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PROBLEM XXXVIL 




5S« To circumscribe about a given circle apolygofi similar to a 
given inscribed regular polygon. 

Let AD he the given inscribed poly- 
gon. Through the points A, B, C, D, 
jE, F draw tangents to the circumference. M^ 
These tangents intersecting will form the 
polygon required. 

For the triangles AGB, BHC, &c. 
are isosceles (19) ; and as the arcs A B^ 
BC^ dbc. are equal, the angles GAB, 
GBA, HBO, HOB, &c. are equal 
(III. 54) ; therefore, as the bases AB, BCy &c. are equal, these 
isosceles triangles are equal. Hence the angles G, H, /, JT, 
Z, M are equal, and the polygon MI is equiangular; and as 
GB = BH—HC = CI, &o.,GH=zffI, Ac; therefore the 
polygon MI is equilateral and regular (II. 32). It is also dm- 
ilar to AD (II. 33) ; and as its sides are tangents it is circum- 
scribed about the cirde. 

54* Corollary, As (45-52) regular polygons can be in- 
scribed having the number of their sides 3, 4, 5, 6, 8, 10, 12, 
15, 16, 20, 24, 30, 32, 40, 48, 60, 64, 80, 96, and so on, regu- 
lar polygons having the number of their sides represented, by 
these numbers can also be circumscribed about a given circle. 

EXERCISES. 

55* From two given points to draw two equal lines meeting in a 
given 'straight line. (L 53.) 

56* Through a given point to draw a line at equal distances fix)m 
two other given points. • 

57* From a given point out of a straight line to draw a line mak- 
ing a given angle with that line. (L 17.) 
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58* From two given points on the same side of a given line to 
.draw two lines meeting in the first line and making equal angles 
with it 

59* From a given point to draw a line making eqi^ angles with 
the sides of a given angle. 

60i Through a given point to draw a line so. that the parts of « the 
line intercepted between this point and perpendiculars from two 
other given points shall be equal 

If the three points are in a straight line, the parts equal what? 

61* From a point without two given lines to draw a line such 
that the part between the two lines shall be equal to the part between 
the given point and the nearer line. 

When is the Problem impossible ? 

62* To trisect a right angle. 



It On a given base to construct an isosceles triangle having 
each of the angles at the base double the third angle. 

44 • To construct an isosceles triangle when there are given 
1st. The base and opposite angle. 
2d. The base and an adjacent angle. 
3d. A side and an opposite angle. 
4th. A side and the angle oppo»te the base. 

C5« The base, opposite angle, and the altitude given, to construct 
the triangle. (III. 22.) (20.) 
When is the Problem impossible? 



The base, an angle at the base, and the sum of the sides given, 
to construct the triangle. 

When is the Problem impossible ? 

67* The base, an angle at the base, and the difference of the sides 
given, to construct the triangle. 

1st. When the given angle is adjacent to the shorter side. 

2d. When the given angle is adjacent to the longer side. 
When is the Problem impossible ? 



The base, the difference of the sides, and the difference of 
the angles at the base given, to construct the triangle. 
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M» The base, the angle at the vertex, and the sum of the sides 
given, to construct the triangle. 
When is the Problem impossible? 

70* The base, the angle at the vertex, and the difference of the 
sides given, to construct the triangle. 

71* On a given base to construct a triangle equivalent to a ^ven. 
triangle. 

72« With a given altitude to construct a triangle equivalent to a 
given triangle. 

73* Two sides of a triangle and the perpendicular to one of them 
from the opposite vertex given, to construct the triangle. 

74 • Two of the perpendiculars from the vertices to the opposite 
sides and a side given, to construct the triangle. 

1st When one of the perpendiculars falls on the given side. 
2d. When neither of the perpendiculars falls on the given side. 

7f . An angle and two of the perpendiculars from the vertices to 
the opposite sides given, to construct the triangle. 

Ist^- When one of the perpendiculars falls from the vertex of the 
given angle. 

2d. When neither of the perpendiculars falls from the vertex of 
the given angle. 

76* An angle and the segments of the opposite side made by a 
perpendicular from the vertex given, to construct the triangle. 

77* Given an angle, the opposite side, and the line from the given 
vertex to the middle of the given side, to construct the triangle. 
When is the Problem impossible ? 

78* An angle, a perpendicular from another angle to the opposite 
side, and the radius of the circumscribed circle given, to construct the 
triangle. 

When is the Problem impossible ? 

79* To divide a triangle into two parts in a given ratio, 
1st By a line drawn from a given point in one of its sides. 
2d. By a line parallel to the base. 
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SOt To trisect a triangle by straight lines drawn from a point 
within to the vertices. 

81* Parallel to the base of a triangle to draw a line equal to the 
sum of the lower segments of the two sides. 

82t Parallel to the base of a triangle to draw a line equal to the 
difference of the lower segments of the two sides. 

83* To inscribe in a given triangle a quadrilateral similar to a 
given quadrilateral. 

84« To divide a given line so that the sum of the squares of the 
parts shall be equivalent to a given square. 

85 • To construct a parallelogram when there are given, 
1st Two adjacent sides and a diagonal 
2d. A side and two diagonals. 
3d. The two diagonals and the angle between theuL 
4th. The perimeter, a side, and an angle. 

86* To construct a square when the diagonal is given. 

87* To construct a parallelogram equivalent to a given t^angle 
and having a given angle. 

88« To draw a quadrilateral, the order and magnitude of all the 
sides and one angle given. 

Show that sometimes there may be two different polygons satisfy- 
ing the conditions. 

89* To draw a (][uadrilateral, the order and magnitude of three 
sides and two angles given. 

1st. The given angles included by the given sides. 

2d. The two angles adjacent^ and one adjacent to the unknown side. 

3d. The two angles being opposite each other. 

4th« The two angles being both adjacent to the unknown side. 

In any of these cases can more than one quadrilateral be drawn ? 



)• To draw a quadrilateral, the order and magnitude of two 
sides and three angles given. 

1st. The given sides being adjacent. 
2d. The given sides not being adjacent. 



110 PLANE GEOMETRY. 

91tf In a given circle to insctibe a kiangld similar to a given 
triangle. 

92t Thrbugh a giveii |>oint to draW to a ^ven circle a secabt such 
that the part within the circle may be equal to a given line. 



!• With a given radius to draw a circumference, 
1st. Through two given points. 

2d. Through a given point and tangent to a given line. 
Sd, Through a given point and tangent to a given ciix^umference. 
4th. Tangent to two given straight lines. 

5th. Tangent t6 a given straight line and to a given drcumference. 
6th. Tangent to two given circumferences. 
State in each of these cases how many circles can be drawn, and 
when the construction is impossible. 

91 • To draw a circumference, 

1st. Through two given points and with its centre in « given line. 

2d. Through a given point and ta&g^ent to a given line at a given 
point 

3d. Tangent to a given line at a given pointy and also tangent to a 
second given line. 

4th. Tangent to three given lines. 

5th. Through two given points and tangent to a given line. 

6th. Through a given point abd tangent to two given lines. 

98* To draw a tangent to two ckcnm&rences. 

There can be drawn, 

1st When the circles are external to each other, four tangents. 

2d. When the circles touch externally, three. 

3d. When the circles cut, two. 

4th. When the circles touch internally, one. 

5th. When one circle is within the other, none* 
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